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B.A. PART - III PAPER-II
MATHEMATICAL METHODS-I

LESSON NO. 1.1 Author : Dr. Chanchal

LAPLACE TRANSFORMS-I

Structure :

I. Introduction

II. Existence of Laplace Transform

III. Derivations of Some Useful Laplace Transforms
IV. Some Important Examples

V. Self Check Exercise

I. Introduction

From our earlier studies, we are already familiar with the concept of improper
integrals. Now, to define the Laplace transform, we firstly define the concept of

integral transform as An improper integral of type IH (s.t)f(t)dt is called integral
transform of f(t) if it is convergent and is denoted by F (s) or T (f(t)).
Note :

(i) Here the function H (s, t) is known as Kernel of the transform.

(ii) Here x is parameter (real of complex), which is independent of t.

e, t>0

In particular, if H (s, t) =
0, t<O

Then F(s)= jH (s,t)f (t) dt

= j’ H(s,t) f (t) dt + TH (s, ) f (t)dt

—0



B.A. PART - III 2 MATHEMATICAL : PAPER-II

0 ©
= [of(t)dt+[e™ f(t)dt
—o0 0
=0+je*%uyn
0

i.e. F(s)= je‘s‘ f(t) dt is transform, known as LAPLACE TRANSFORM and it may be
0

defined as

Let f be a real valued function of the real vairable t, defined over (-w, ») such
that f(t) =0 fort<O0
Then the function F of s, defined as

F(s)=|e™ f(t)dt; is called the Laplace Transform of f and is denoted as L({f(t)).

O =38

II. Existence of Laplace Transform
Firstly, we define function of exponential order and pieceuise continuous function

as

Definition : Function of exponential order

A function f (x) is said to be of exponential order o > O if lim e ™*f(x) exists and is

X—®0

finite-number.
i.e. there exists a real number K > O such that

h“ﬂﬂ<KszM

or [fx)|<Ke™ Vx>M.

For Example : f (x) = x"is of exponential order o > 0 as x — o, where a € N.

A function f (x) is called piecewise or sectionally continuous on finite interval [a b]
iff this interval can be divided into finite subintervals such that f(x) is continuous in
each of the subinterval except at end points of these intervals.

Thus in piecewise continuity (i) L.H.L. and R.H.L. of function exists in each
subinterval

(ii) Function has finite jumps at the end points of these subintervals.
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,0<x<?2
Example Letf(x)=13,2<x<3.
5,x>3

Now, the existence of Laplace transform can be studied through the following
theorem:

Theorem 1 : If f (t) is piecewise continuous on every finite interval in its domain
t > 0 and is of exponential order o as t — o, then prove that the Laplace transform of
f(t) exists for all s > a.

Proof : Given f (t) is piecewise continuous on every finite interval in its domain t > 0

= f (t) is piecewise continuous on [0 t ], for t;> O
= e™'f (t) is also piecewise continuous on [0 t]
= e™'f (t) is integrable on [0 t]

(As e, being exponented function is continuous)

t

0
j e *'f(t) dt exists V t, > 0
0
By def. of improper integrals
0 t0

[e'f(t)dt = lim [e™f(t)dt
to—>x© o

0

Now | F(s)| = ]ze‘St f(t) dt
< T|e’5‘f(t)| dt [ TG (t) dt| < ]O| G(t)] dtJ
0 0 0
- je £ () dt (e >0)
< ]je_St (K e™)dt (. f(t) is of exponential order a.)
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=K [e@™t dt

Ot—=—38

to
=K [lim j e(“'s)tdt]
tp > o

fo>*| o0 —8

(a—s)t to
=K lim {e }
0

- K (i_lj: K 0-1

a-—S

= K fors>a

|F(s)] < K fors>a
s—oa

MATHEMATICAL : PAPER-II

(using (i)

F(s)= Ie'St f(t)dt converges for s > a so that Laplace Transform of f(t) exists.
0

Derivations of Some Useful Laplace Transforms

Ly=1s>0
S

Proof : By def. of Laplace Transform

L(1)= Te-st (1) dt
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:—lLim( 1st —lj

S tow e

:—l (i—ljifs>0

L o-n-Ltirsso
S S

L) =tits>0.
S

a+1
Sa+l 4

s >0 and ais any real > 1. In particular, L(t")= [ .

n+l

(i)  LtY)=

Proof :By def. of Laplace Transform

L(ta)ZJ.efsttadt Putst=y=sdt=dy
0

ENOIC

(By using def. of Gamma function)

(¢ +1)

a+1

X

L(t*)= ifa>-lands >0
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In particular, when a=n =0, 1, 2.........

Then L(ta):nn_:l: In%l ifn>-1,s>0.
s
(iii) L (e")= ifs>a
s—a

Proof : By def. of Laplace Transform

L (eat) — J'e—steat dt — J'e(ot—sjt dt
0 0

t—w

t
=Lim J'e‘“’s’ tdt
0

= 1 (i—IJifsxx
o—S \©

-t 0-1- ifs>a
o-—s s—a
L(e")= ifs>a,
s—a
(iv) L(sinhoct)zsg_(x,2 ifs>|a

. eat _ e—at
Proof : By def. L (sinh at) =L —
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© at —at
€ —€
Y P e
5 2

(e(a—s)t _ e—(a+s]t) dt

Il
N |+~
O t—38

1 t
== Lim | (“®" —e“*))dt

2 t—o0

t
1 . e(a—s)t e—(a+s)t
=—Lim [ -

a-s —(a+s))

“1iim (—1 (€9 1) 1 (ertersh _ 1)}
o—-S a+sS

_1 1 [l_lj+ ! [l—lﬂifs>a.s>—a
2_(X_S o0 o+ S\

11 O0-1)+ 1
2|la-s o+s

(0—1)}ifs>|oc|

11 1
2|s—-a s+

o .
= ifs>|a]
} s” —a’

L (sinh at)= > if s >|a|.
s —

(12

Now, the reader can easily prove trhat

(v) L (cos at) = if s> a]

s
s?—o?
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o
s? +0

(vi) L (sinat) = ifs>0

Proof: L (sinat)=|e™ sinatdt

O =8

t—ow

t
=Lim J.e’st sin at dtJ
0

t

=Lim|—-—— (-ssinat—a cos at)}

oo | g% + o o

ax
[usingj'eaX sin (bx +¢)dx = —;
=Lim 3
too g% 4+
. -1 s sin at + o cos ot
=Lim — 2 st -a
too g% 4o e

——%(O—a)ifs>0
ST+

-2 _ifx>0

X" +a

L (sin at)= ———if s >0 .
S+ a

o

s?+0

ifs>0

(vii) L (cosat) =

Write : Do yourself

... Lim |

MATHEMATICAL : PAPER-II

—° _(dsin (bx +c)—bcos(bx + c))}
a“+b

3 (e'St (s sin at + o.cos at) — e°(s sin0 + o.cos O))

|s sin at + o cos oct|

est |

|s+al
st -

t—oo

<Lim 0

t—o e
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IV. Some Important Examples:
Example 1 : Find the Laplace Transform of f (t) = |[t-2]| + |t+2], t > O by first

principles.
Sol. Heref(t)=|t-2| + |[t+2],t>0

—(t-2)+t+2, 0<t<2
t—-2+t+2, t>2

(4, 0<t<2
Clot, t>2

L (f(t)) = Tefstf(t) dt = J%e’s‘f(t) dt + Te’“f(t) dt
= Te'St (4) dt + Te‘St (2t) dt

=4

O —

t
e Stdt+2 I?im Ite'Stdt
2

t—>o S

—st t
2t e %)+ 2Lim [—l(te-st —e2e-25)+1[e J ]
S S

= —i(e‘2S -1)+2Lim [—l(% - 2e’2sj - %(e'St e )}
S t—oo S e S

:M+2(_§(0_2e-28)_

1 sy | s
. —2(0—e2)j1fs>0

S

4 4e> 4e Qe
=—— + +

s s s s?

ifs>0
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V.

. . 1
~+Lim =Lim =—=0
t—>o eSt t—o Sest o0

and Lime™ =0ifs>0

t—o

4 N Qe
s s

ifs>0

—2s
:3[2+e ]ifs>0-
S S

Self Check Exercise :

1. Find the Laplace transform of f{(t) ={

Suggested Readings :
A.R. Vasushtha & Dr. R.K. Gupta, Integral Transforms by Krishna Prakashan

1.

Media Pvt. Ltd. Meerut.
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etif O<t<«l1
t>1

by first principles.
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LESSON NO. 1.2 Author : Dr. Chanchal

LAPLACE TRANSFORMS-II

Structure :

L Some Important Properties of Laplace Transforms
(a) Linearity Property of Laplace Transforms
(b) First Shifting Theorem
(c) Second Shifting Theorem
(d) Change of Scale Property

II. Some Important Examples

III. Self Check Exercise

I. Some Important Properties of Laplace Transforms
I (a) Theorem 1 (Linearity Property of Laplace Transforms)

Let f, (t) and f, (t) be any functions of t, where t > O and their Laplace transforms
exist.

Show L (a, f, (t) + a,f, (t)) = a, L (f, (t)) + a,L (f, (t)) for any constants a , a,.

Proof : The proof is left as an exercise for the reader.

Theorem 2 (First Shifting Theorem) :

If F (s) is the Laplace transform of f (t) for t > 0 and o is any number (real or complex)
Prove F (s — a) is Laplace transform of e* f (t)

OR
IfL(f(t) =F (s)fort>0
Prove L (e* f(t)) = F (s — a), where o is any real or complex
Proof : We know F(s) =L (f(t)) = [e'f(t) dt
0

L (e™f(t)) = Te’“e“‘f(t) dt

11
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= [e " f(t) dt
0

e "'f(t)dt wheres —a. =u

O =38

=F@u)=F(s-a,
= F (s — a) is the Laplace transform of e* f(t).

I (b) Theorem 3 (Second Shifting Theorem) :

If F (s) is Laplace transform of f(t) form t > 0 and o is any number (real or complex)

ft-a), t>a

has Laplace transform e* F(s
0, t<a P (s)

Prove that, the function g(t) :{

ft-a), t>a

Prove if g(t)= { 0 then L (g(t) = e F(s) ,
, <a

Proof : We know F (s) = L (f (t) = |ef(t)dt

O3

ft-a), t>a
and given function is g(t)=

0, t<a
Ligl) = [ gl
= Ie'“g(t) dt+ Ie'“g(t) dt
:Ie‘StO dt+Ie‘St f(t — o) dt (By def. of g (t))

:0+Ie'3tf(t—oc)dtPutt—oc:V:dtde
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V=
= [ e (v)dv

v=0

e Ie_sv f(v)d (By changing variable V by t)
0

=e ™ J e S'f(t) dt
0

=e *F(s)
= Laplace transform of g(t) is e™ F(s)
Another Form of above Theorem
If L(f(t)=F(s)fort=>0
and a >0, real, Prove L (f (t — a) h (t — a)) = e* F(s)
1,t L,t>0
where h(t-o)=1 '~ “orht)={’ .
0,t< 0,t<0
I (c) Theorem 4 (Change of Scale Property) :
IfL (f(t) = F(s)fort>0
Prove for any positive constant a,

(i) L (f(at) = éF(ij (ii) L [f &D - o F (as)

Proof : We know F(s)=L (f(t) J' e *'f(t)

0

©

(i) ~ Lif(a ) = [e*(at) dt Put at = V = adt =dV
0
V=
= I af(v) da\/
V=0
N RDN
== [e " fV)dv=""[e * f(t)dt

(Changing variable V by t)
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s

Now, the reader can easily prove the (ii) part.

II. Some Important Examples

Example 1 : Evaluate L {sinh? 2r}.

PISN T
Sol. Here ﬁnhSZt:[E_T;L_j

«em)s—(eﬂtf——3e”e4t63t—em))

|~

(e6t —e 6t _3e2t 4 36—2t)

@ |~

L (sinh®2t)=L [é (" —e® —3e* +3¢™ ))

L (M) L(e®)-TL(e?)+IL(e)

l 1 _l 1 _g 1 +§ 1
8s-6 8s+6 8s-2 8s+2

ifs>6,s>-6,s>2,8>-2

1 {(s+6)—(s—6)]_3((s+2)—(s—2)j

8| (s-6)(s+6) 8l (s-2)(s+2)
= 12 —é( }ﬁs>6
8(s*-36) 8\s*-4

_3((s*-4)-(s*-36)
2| (s2-36)(s>-4)

]ﬁs>6

3( 32

=—|— 3 jﬁs>6
2\(s*-306)(s" —4)
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- 48
(s> -36)(s> - 4)

ifs>6.

Example 2 : Find the Laplace transform of following functions of t, t > 0
e3/?tsin 6t sin 2t

Sol. We know L (sin 6t sin 2t) = L (é (cos 4t —cos 8t)J

= % (L (cos 4t)-L (cos 8t))

1 s s .
“oleia s )70

s(s’+64-s>-16
=—|— 3 ;8>0
2\ (s*+16)(s” +64)

_s 48
" 2((s®+16)(s? + 64)

24s .
) 2 »S
(s*+16)(s” + 64)

>0

.. Using First Shifting Theorem

(3]
L (e?/*" sin 6t sin 2t) = 2
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24 (s +3j
2

= s > 3
- 2 2 ’ 2 )
(S+3J +16 £s+3j + 64
2 2
0, O<t< %
Example 3 : Find the Laplace transform of g(t)= 3 1 by Second Shifting
t+—, t>—
2 2
Theorem.
Sol. Given Function is
0, O<t< % t+ %
g(t) = ) wLim—= =0

By L' Hospital Rule

Here f(t):t+2,oc=%

We know L (f(t)) =L (t +2) =L () + 2 L (1)

1.2 1+2s
s? s s?

By Second Shifting Theorem

1

1+23]_ 2s+1 .
s’e?s

L(g(t)):e_Zs( = |- if s>0.
S

Example 4 : Evaluate L (e!°sin 10 t cos 10 t), t > O by change of scale property.
Sol. Firstly, we shall evaluate
L (etsintcost),t>0

We have L (sintcost)=L (sm Qtj

2

1 1 2
—ZL(sin2)==|—=—
2 ( ) 2(s2+22j
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_ 1 s>0

s?+4’

By First Shifting Theorem, we have

L (e'sinicost)= ;8—1>0

(s-1°+4

Further, Using Change of Scale Property

L (¢! sin 10t cos 10t):i L > L >
10 ( s ) 10
—-1] +4
10
= *, s>10
(s —10)° +400
-9 ss10.
s® —20s +500
III. Self Check Exercise
1. Using L (e*) = ,S>a
s—o
Evaluate (i) L (sin h a t) (ii) L (cosh a t)
(iii) L (sin a t) (iv) L (cos a t)
2. Find Laplace transform of sin JE, t>0.
3. Find Laplace Transform of t?e'sin 4t
4. Find the Laplace transform of following using second shifting Theorem
0, O<t< g
g(t) = .
sin t, t>—
2
0. Evaluatge L (e' cosh t), t > 0. Hence evaluate L (e* cosh 5t).
Suggested Readings :
1. A.R. Vasushtha & Dr. R.K. Gupta, Integral Transforms by Krishna Prakashan

Media Pvt. Ltd. Meerut.
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LAPLACE TRANSFORMS-III

Structure :

I. Introduction

II. Laplace Transforms of Derivatives and Integrals
III. Multiplication and Division by 't'

IV. Laplace Transform of Periodic Function

V. Some Important Examples

VI. Self Check Exercise

I. Introduction

From our previous lesson, we are alreadyfamiliar with the basic concept of Laplace
transforms and its properties. So, now we have theenough knowledge to understand
the Laplace transforms of derivatives and integrals of functions, as discussed below.
II. Laplace Transforms of Derivatives and Integrals

For finding the Laplace transforms of derivatives, we introduce the following result:
Result 1 : Let f (t) be real function defined for t > 0

), f@), '), cooeenenn. f>1 (t) are continuous on [0, x) and are of exponential order o
and f'(t) is cont. or piecewise continuous on [0, «). Then, Laplace transform of f'(t)

df(t)
dt” -

exists and L (f"(t)) = s®F(s) — s*'f(0) — s*2f(0)... —sf*2(0) — 1 (0); s > a where {"(t)=

In particular, (i.e., nth order derivative of f (t))

(i) L(fit)=sF(s)-£f(0),s>a

(ii) L (f"(t)) = s?F (s) — sf(0) — £(0) for s > a

(iii) L (f"'(t) = s®F (s) — s%f(0) — sf' (0) — £" (O)
For providing this result, we will prove it for the first derivative, as given below:
Theorem 1 : Let f(t) be real and continuous function of exponential order o on [0,
). Also f'(t) be continuous or piecewise continuous function on [0, «). Then prove
that Laplace transform of f'(t) exists and L (f' (t)) = s F(s) — f(0) for s > aif F (s) = L (f(t)).

18
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Proof : Case I. When f' is continuous on [0, «)

Then L (f'(t))= Je‘“f’(t) dt (by def. of Laplace transform)
0

t
_ : —ste
—].t,gcnle f'(t)dt

t

= Lim (e™f(t)), - [-se™f(t) dt

~Lim [{e“f(t) ~£(0)} +s Jt'e’Stf(t) dt]

t
=Lim e *'f(t)- f(0)+ s Lim [ef(t) dt
0

=0-1f(0) + s L (f(t))
=s F(s)-f(0), if s > a

-+ Given f(t) is cont. of exp onential order o
- | f(t) |< ke**for some scalar k
=|e™f(t)|=e™ | f(t)| < e (ke™)

K
LS —= -0
e
ast—o> o

= Lim e f(t)=0

Case II. When {' is piecewise cont. on [0, )

= f' is piecewise cont. on [0 t]
where t is any positive number

= f'(t) is discontinuous at t, t,........... t,
where O <t <t,........... <t <t

= L (f'(t) = ]Ee’Stf'(t) dt=Lim je’“f'(t) dt
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t—oo

t t2 t
=Lim {j e *f'(t)dt+ [ e ¥ (t) dt...+ [e (1) dt}
[0]

t tn

f
=Lim {(e“f(t)}} - J—se’Stf(t) dt + (e ™f(t))?2

0

—J% —sef(t) dt +... + (e f(t)),, - j —se *'f(t) dt}

t tn

t
=Lim {(e‘stl f(t,) - £(0) +s| it f(t) dt
—>0 e
0

)
+ (e—stz f(tz) _esti f(tl ))+s j e‘Stf(t) dt+........

t

+ (e f(t)— e f(t, ) + s j e H(t) dt}

th
=Lim {efst1 f(t,) - £(0)+ e S2f(t,) — e Sf(t,) + ....... + e '(t)

t1 ty
—e f(t,) +s[ e f(t)dt+ [e (D) dt+..... }

0 5]

tow
th

=Lim (e'Stf(t) —f(0)+s U e S'f(t) dt + D + j e f(t) dt

[Using property of definite integrals]
=s F(s) - f(0) if s > a [As explained in case (i)]
L(f@t)=sF(s)-f(0),s>a
Hence the result.
Now, to understand the Laplace transform of integral, we study the following theorem:

Theorem 2 : Let f (t) (for t > 0) be real and continuous function on [0, ).
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t
If L (f (t)) = F(s), then prove Laplace transform of J'f(z) dz exists

S

and L[jf(z)dz]:@orm
Py S

Sol. Given L (f(t) = F(s)

and let H(t)= jf(z) dz

H(0) = Tf(z) dz=0

0

Now  H'(t) :%Uf(z) dz]

t
ji (f(z) dz L& f(t) -
$ ot dt

0

(Using Leibnitz Rule of differentiation under integral sign)

=0+ f(t)—-0="F(t)
= H'(t) = f(t)
We know

L(H'(t)) = s L(H(t)) - H (0)
= L (fty=sL (H(t) -

- Ly ==Y

S

- Uf( ]L(ft)) _Fls)

Now the reader can easily prove the result :

Cor : Prove L[if(z) dzjz—w+l]gf(z) dz .
0 S S 0

(By Theorem 1)
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III. Multiplication and Division by 't’
On the basis of Laplace transforms of derivatives and integrals, we can easily
understand the following results :

Result 2 : Let f (t) be real and piecewise continuous function of exponential order
a on on [0, o) and if L (f (t)) = F (s)

dF(s)

Then, = —L(tf(t))
S
and further & Fff') = (-1 L (t"f(t) for n =1, 2..........
S

Hint : The reader can easily prove this result with the help of Principle of
mathematical induction.
Result 3 : Let f (t) be real and piecewise continuous function on each interval in

[0, ») and is of exponential order a.

If L (f (t)) = F(s). Then prove L (@j = JF(S) ds if integral is convergent.

t

Proof : Given L (f (t) = F(s)
= F(s)= Te'Stf(t) dt

Taking integrals on both sides w.r.t. s from s = s to s = © we get

oJEF(S) ds = Sr[tr e f(t) dt) ds

s=s \ t=0

_ T [fo eStdsJ f(t) dt

t=0 \'s=s

(-~ s and t are independent so order of integration
can be interchanged)

S—®

= —% (Lim e - e_St) f(t) dt
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:I_

(0 —e ™) f(t) dt

=+ | =

f(t)
=L|— (Using def. of Laplace Transform)

[ _(f0
- !F(s)ds—L(tj

Hence the result.
IV. Laplace Transform of Periodic Function

Theorem 3 : Let f(t) be periodic function with period T i.e. f (t + nT) = f(t) for n € N.

T —st
then Prove that L(f(t))= jle—T £(t) dt

0

Sol. We have L(f(t) = [e'f(t) dt
0

O

2T 3T
e f(t)dt+ [ e f(t)dt+ [ e f(t)dt+........
T 2T

=> [ e™(t)dt Putt=y+nT=dt=dy
n=0 nT
o ¥=T

=> [ et (y + nT) dy

(- fis periodic with period T so f (y + nT) = {(y))
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o T
= [ee ™ i(y) dy
0

n=0

—Ye " [ei(y)d

n=0

T
=(l+e T +e>T+...... to ) [J e ¥i(y) dYJ
0

(Change variable y by t)

—-st

1 T et Toe
= e f(t)dt = | —— f(t) dt
l—e'ST;[ (t) ;[l—e'ST (t)

Hence the result.

V. Some Important Examples

Example 1 : Evaluate L (t sin o t)

Sol. Lf(t)j=tsinat

= f'(t) = sin at + t (o) cos at

and f(t)j=acosat+a(cosat—(asinat)t)
=2acosat-o?tsinat

Using L (f"(t)) = s2L (f(t)) — s f(0) — ' (0)

= L(2acosat—oa?(tsinat)=s?L (tsinat)-s(0)-0
= 20l (cosat)-oa?Ll (tsinat) =s?L (t sin at)
= 2a———=(s>+a?)L (t sin at)
s +a
. 2as
= L (tsinat)=—5——=
( ) (s* +a?)

By Second Method

(03

We know L (sina t)=—; > =F(s)
s“+a

SRREIRCS
ds ST+

:(—1)0{ (-1)2s j: 208

*+oP ) (2 +a?)

L(tsinat)=
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208

= L(tsinat)=————.
( ) (s + o)

T 2
Example 2 : Show that Ie *tcos tdt= 25
0

Sol. We know L (cost)= 5 =F(s)
s*+1
d s
L(tcost)=(-1)—
( )= )ds (SQ +1j
1(s®>+1)-s(2s) s*-1
:(_1) 2 2 =73 2
(s +1) (s®+1)
2 s? -1
e'tcostdt=——
= J; (SQ+1)2
Put s =3
N J.e’S‘tcostdtzg;lzzizi.
: 9+1P 100 25

Example 3 : Find Laplace transform for t > 0, of (t>— 3t + 2) sin 3 t
Sol. Here f (t) = (t>- 3t + 2) sin 3t

3

We know L (sin 3t) = —;
s“+9

Now by Result 4.2 L (t sin 3t) = (-1) i[ 3 j
ds \s*+9

d 2. g
=) 67+

6s

=(=3)(=DI)(s" +9)" (2 S)=m

d? 3
d L (t*sin3t)=(-1)? [ J
an ( )= 1) ds? \s?+9
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B i —6s
Cds ((s?+9)

(s> +9) -2 (s> +9) (2s) (s)
(s +9)°

=6

_ 6(s® +9){s® +9-4s%}
B (s +9) (s> +9)°

_ -6(-3s2+9) 18 (s> -3)
- (s*+9PF (s?+9)

L ((t>- 3t + 2) sin 3t) = L (t?sin 3t) — 3L (t sin 3t) + 2L (sin 3t)

2_
:18£s f)—s 26s, o 23
(s +9) (s> +97 (s +9)

_61{3s®*-9-3s(s* +9)+ (s + 9}
- (s? +9)°

_6(s" —3s’ +21s* -275 + 72)
(s> +9)°

Example 4 : Find Laplace Transform of
e * sin Bt

t

Sol. We know L (sin pt)= 5 b 5
s? +

By first shifting Theorem.

at _ B _
L (e™ sin pt) = St of 1P F(s)

By Result 4.3

L[e_at stin Btj :T [32 _=F(5)
s(s+a)”+p
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= Lim]i(L ds

uwe < (s + o) + B

u—w

=Lim§. Lan (H—aﬂ
p p

S

=Lim [tan'1 % —tan™ SJFTOLJ

u—w

. Lu+a L S+a
=Limtan'———tan'=—=
u—o B B
. .S+a = . S+a
:tanlo<3—t.21111—:§—tan1

G S+a
=cot! =—=

Example 5 : Evaluate .fts‘e’1 sintdt.
0

Sol. J.te‘e’1 sintdt= je’t (t° sint) dt, where s =1
0 0

=L (t®sin t) (By def. of Laplace Transform)

3

-1 S

ds?

“arlo) e (& )
© o ds®ls?+1) ds?*ldsl\s?+1
B G

ds* | (s?+1)

_,d (i [;D
ds|ds | (s®>+1)

(L(sin t))

MATHEMATICAL : PAPER-II
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d (s +1) —s (2s* +1) (2s)
ds s*+1)°*

d (s?+1-4s” d (1-3s?
=2 —|\—= 5 |72 2.0
ds| (s™+1) ds ( (s® +1)

(-6s) (82 +1)° - 3(s +1)*(2s) (1 - 3s2)

=2
(s? +1)°

_ =2(6s)(s® +1f {(s® +1)+1-3s%}
- (s* +1)°

_ -12s (2-2s%) 24s (s’ -1)

(s* +1)° (s* +1)°
Puts=1 (From above)
= Ttse’lsintdt:wzo
o 1+1)
VI. Self Check Exercise

1. Show that J'e’Stt sintdt= 3 )
! 50

2. Evaluate L (sin?at cos at) for t > 0.

3. Find L (f(t) where f(t) :{

cos 4t —cos 5t

4, Evaluate L ( :

5. Show that J'te’2t costdt= 3 .
! 25

Suggested Readings :
A.R. Vasushtha & Dr. R.K. Gupta, Integral Transforms by Krishna Prakashan

1.

Media Pvt. Ltd. Meerut.

cost, O<l<m
0, n<l<2n

jfort>0.

MATHEMATICAL : PAPER-II

if f(t) is periodic with period 2m.
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MATHEMATICAL METHODS-I

LESSON NO. 1.4 Author : Dr. Chanchal

INVERSE LAPLACE TRANSFORMS

Structure :

I. Introduction

II. Properties of Inverse Laplace Transforms

III. Inverse Laplace Transforms of Derivatives and Integrals
Iv. Convolution Theorem

V. Some Important Examples

VI. Self Check Exercise
VII. Suggested Readings

I. Introduction
If L(f(t)) = F(s) for t > 0 i.e. Laplace transform of f(t) exists then the function f(t) is
called the Inverse Laplace Transform of F(s) and is written as L}(F(s)) = f(t).
i.e. L-!(F(s)) is the function whose Laplace Transform is F(s).
For Example : L(sin 5t)= — 5
s*+25

= L'l( 5 stjzsinSt
s° +

Further, we have an important result concerning the existence and uniqueness of
inverse Laplace transforms :
Result 1 : If f(t) is piecewise continuous function on each interval [0, a] and is of
exponential order for t > a.

Also if L(f (t)) = F(s); then prove that the Inverse Laplace Transform f (t) is
unique.
i.e. If L' (F(s)) = f,(t) and L'F(s)) = f, (t)
Then f (t) = f,(t) for allt>0.

29
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II. Properties of Inverse Laplace Transforms
Theorem 1 (Linearity Property) :
If L(g(t)) = G(s) and L(h(t) = H(s) for any two functions g(t), h(t) (t 2 0) and «, B are any
constants then prove
L {o G(s) + BH(s)} = o L7 (G(s)) + B L7 (H(s))
Proof : Given L(g(t)) = G9s) and L(h(t)) = H(s) for t >0
o G(s) + BH(s) = o L(g (t)) + B L(h(t))
=L (ag(t) + B h(t)
(Using Theorem 3 i.e. Linear property of Laplace Transform)
By def. of Inverse Laplace Transform, we get
L™ (o G(s) + BH(s)) = a g (t) + P h(t) = o L7(G(s)) + p L™ (H(s))
(-~ Given implies that g(t) = L! (G(s)) and h(t) = L (H(s)))
Hence the result.
Theorem 2 : (First Shifting Theorem of Inverse Laplace Transform)
if L1 (F(s)) = f(t) fort >0
Prove L' (F(s—a) = e* f (t) = e* L7 (F(s))
Proof : Given L' (F(s)) = f(t)

= F(s) = L(f(t)) = Te-stf(t) dt

F(s —a) = [e " f(t) dt
0
(By def. of Laplace Transform)

e {e™f(t) dt

O3

=L (e™1(t))
so by def. of Inverse Laplace Transform we get

L (F(s — o)) = e“f(t)

= e“L'(F(s))
Hence the result

Note : Changing o to —a in above result.
we get L (F(s + a)) = e L7 (F(s)).
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Theorem 3 : (Second Shifting Theorem of Inverse Laplace Transform)

If L (F(s)) = f (t) for t = 0
flt-a), t>a
then prove L™ (e F (s)) = g (t) where g(t)= 0 t<a’
Proof : We have L!(F(s)) = f(t)
= F(s)=L(f(t) = [e™f(t) dt
0
d given function is gt)={ " 7
and given function is g(t)= 0, t<a
Lig(t) = [e*'g(t) dt
0
= [eg(t)dt + [eg(t) dt
0 o
= [e*(0)dt+ [ef(t - a)dt
0 o
(By def. of g(t))
=0+ J'e’“f(t —-a)dt
V=w0
= j eV If(V)dv [Put t—oa =V = dt=4V]
V=0
— e—as.[e—sz(v) dt
0
= ef‘*SJ'e*St f(t) dt (By changing variable V by t)
0
— e—asF(s)

= g(t) = L7 (e F(s))
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ft-a), f>a

or L(e*F(s)) = g(t) = { 0 t<a

Another Form of above Theorem
If L' (F(s)) = f(t) for t > 0 and o > 0 real.
Prove L' (e F(s)) = f(t —a) h (t — a)

1, t>

t, t>0
where h(t - o) = {0 * or h(t) = { g
<o

0, t<O

’

is known as Unit Step Function or Heavyside's unit step function.
Theorem 4 : (Change of Scale Property)
IfL Y (F(s) = f(t) fort >0

Prove (i) L (F(ED = of (at)
o

(i) L(F(os)) =éf&j where o > 0.

Proof : We have L! (F(s)) = f(t) for t > 0

—  F(s)=L(f(t) = Ie-stf(t) dt

@ L= Ie“f(at) dt Put ot = V = @ dt = dV
e
-1 Te@ av
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1 s
=— F(—j (Change the variable V by t)

= L' (F[ED = af(at).
o

Now, the reader can easily prove the (ii) part.

III. Inverse Laplace Transforms of Derivatives and Integrals
For the concerned topic, we have the following results :

Result 2 : Inverse Laplace Transform of Derivatives
(i) If L (F(s)) = f(t) fort>0
Prove L7 (F'(s)) = —t £(t).
(ii) Generalisation : If L (F(s)) = f(t), for t > 0
Prove L7 (F (s)) = (-1)"t™f(t).

Result 3 : (i) If L' (F(s)) = f(t) for t > 0 and f(0) = 0.
Then prove L™ (s F(s)) = f'(t)
(ii) Generalisation : If L7 (F (s)) = f(t) for t > 0
and f(0) =f (0) = f'(0) = ....... = f»1(0) = 0.

d"f(t)

Then prove L'(s"F(s)) = f"(t) = el

Result 4 : Inverse Laplace Transform of Integrals
(i) If L' (F(s)) = f (t) for t > 0

Then prove 1! [TF(S) dsj = @

(ii) If L' (F(s)) = f(t) for t = O

Then prove L [EJ = jf(t) dt .
S 0
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IV. Convolution Theorem
To find Inverse Laplace Transform of the product of two functions, whose inverse
Laplace Transforms are known or can be easily evaluated, the Convolution Theorem
will help us, which is stated as
Theorem 5 : If L' (F (s)) = f(t) and L' (G (s)) = g(t) then prove
t
L (F(s) G(s)) =Ifz) g(t—z)dzfort>0
0
Note : The integral on R.H.S is known as convolution of f and g and denoted as f=g

Proof : To prove L(F(s)G(s) j f(z)gt—z)dz="f*g

We have to show L (f* g) = F (s) G (s).
By def. of Laplace transform,

Te Y * g) (t) dt

Te Uf(z (t— z)dzj

O'—.8

1
= [[e*'f(z) g(t - z) dz dt
0

= Ie'Stf(z) g (t-z)dzdt

A

where A is the shaded region

t
A

line is

=0 = (=4




B.A. PART - III

35 MATHEMATICAL : PAPER-II
Putz=qandt-z=r
= z=qandt=q+r
0z 0z

dla,r) [ot ot
oq or

d(tz) |oq E_‘l 0‘—1

Hence dz dt = (1) dq dr = dq dr
So, the new variables transform region A into region
B={q 1) [q20,r=0;

T A

L (f*g)=[[e*""f (q) g(r) dq dr

= TTe'Sqe'srf(q) g(r)dq dr
00

= U e *(q) dqj U e 'g(r) dr}

Change variable q, r by t

= [T e 'f(t) dt] U e 'g(t) dt]

=L (f(t) L (g(t)) = F (s) G (s).
(L7 (F(s)) = f(t) and L™ (G (s)) = g (t))

(By Property of double integrals)
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Hence the Result.
Remarks : 1. f*g = g*f [Ll(F(s) G(s)= j-f(z)g(t -z)dz = jg(z)f(t -2z) dz)
0 0

2. f* (g+h) = f*g + f*h
V. Some Important Examples
Example 1 : Show that
R P (;j=itsinat
20

(s* +a’)

2 2
i) L [(S;‘*)J ¢ cos at
ST+ a

1
s—ia

Sol. We know L (e'“")=

= L(tei“t)=(—1)i[ L j

ds{s-ia
_ 1
(s—ia)
: 2
= L (t(cos at+1isin at)= (§+1a) —
((s —ia) (s +ia))

: . (s* —a?)+ (2i a)s

- L (t cos at)+iL (t sin at) =

(s* +a’y

s’ —a®
weget L (tcosat)= = >and Lt sina t)=
s” +

a?)

By def. of Inverse Laplace Transform

208
(s* +a’)

2 2
we get tcosat=L" %
(s +a”)
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. 208 s
and tsinat=L"'—""=" _|=2gL' ————
[(52+a2)2j ((s2+a2)2]

2 2
= L! % =t cos at
(s®+a”)
o s t sin at
= L 5 55 | = .
(s +a”) 20

Example 2 : Find Inverse Laplace Transform of following functions

2

S 85+3j

0 oy e

(s-—a (s —a)

Sol. (i) L' S 5 :L_l[((s—a)mf]

_ o [(s + o)’ j

S

3

et s? +2as + o
s

) s s

— e (Ll @ 20l (sij ek (sij]

2
=e™ (1+ 20t + a2 t—}
2

=e* ! [l+2ai2+ot2 i)

(i)  Here L-I(SS”):L—I (§+£j

s? s s?

=8L" (lj +3L" (izj
S S
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=8 (1) +3t=3t+ 8 =1(), say
Using Second shifting Theorem.

Example 3 : Evaluate : L [LJ
9s? + 27

S

Sol. Take F(s)=
s®+27

= L‘l( 5 S j:cos (33 t)=f(t) (say)
s*+27

By change of scale Property
Ll( 3s ): L 3s
9s® +27 (3s)® +27
1 t 1 t
= L_l F = — f —_— = — —
s =5 1( 4] -2 cos (5 1)
~ 2 cos (V3 1).
Example 4 : Evaluate : (i) L (4tan‘l 2) (i) L —>
s (s* +a?)

Sol. (i) Let F(s)=4 tan™ 2
s

400 )
N F(s) = ds\s )

s’ +4

L‘l(F'(s))zL‘l( 8 j

s’ +4
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=(-4) Ll( 2 j— —4sin 2t
s? +2? '
= —tf (t) = -4 sin 2t (Using Result 2)
4 sin 2t
= flt)= ———
_ 4sin 2t
= L'(F(s)) = :
(ii) Firstly find a function whose derivative is ﬁ
s“+a
S 1 2 2\-2
Here jm—aj(s - ] (QS)dS
_l (52 +a2)72+1
2 241
—m =F(s) (Say)
d( 1 B s
ds{ 2% +a?)) (s*+a°)
Now L'(F(s))=L" 1
2(s® +a?)
1 o
SRR ot -
20 (SQ +a? ]
= L sin at
2a
= f(t) (say)
Using L! (F'(s)) = -t f(t) (By Result 2)

S 1
we get L' ———— |=—t|——sinat
((Szﬂxz)zj ( 20 j
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1 .
=—=tsinat.
200

s? + a2

Example 5 : Evaluate : [21 og s+ J

s?+p?

s? + 02

Sol. Let F(s)=2log —;

=2 (log (s*+ B?)) - log (s*+ %)

= F'(s)= - (2s)

2
2s)—2
2 BQ( ) S2+Q,

s s
F'(s)=4 -
= ) (s2+[32 s2+a2j

= LI(F'(s)):4(L1[ QS QJ—LI( zs 2)]
s“+B s’ +a

=4 (cos Bt — cos at)
= —t f(t) = 4 (cos Bt — cos at) (Using Result 2)

4 (cos at — cos pt)

= f(t) = .

1
Example 6 : Find inverse Laplace transform of ST

Sol. We know Ll[ 1 J:et
s+1

By using property of Inverse Laplace Transform repeatedly Result 4

. 1 _t t/t .
We have 1; [33(s+1)j_*0[(g[(z[e dtJdt]dt

i { (e—lj dt] dt = i[i—(e-t -1) dtJ dt

O t—



B.A. PART - III 41 MATHEMATICAL : PAPER-II

t

Lt o Lt
=l-e +—-t|-(-e"+0-0)=—€"+——-t+1-
2 2

Example 7 : Find inverse Laplace Transform of following functions _
(s+a)(s+p)
Sol.  Let =F(s)and 1 _ G(s)
s+a s+B

So that given function = F (s) G (s)

We know L'(F(s))=L" (L) =e ™ ={(t) say
s+a

and L'(G(s))=L" (Lj =e ™ =g(t)say
s+PB

Now using convolution Theorem

. 1 -
- ((sm)(sw)j_L (Fls) G0

O t—y

t
f(z) gt -2) dz = Ie‘“ze—ﬁ (t-2)qz
0

O t—

t
e PtHB-a)z 4, _ oBt Ie(ﬁ—a)z dz
0

(B-a)z \

_ €
:eﬁt[ j
B-—a ),
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B e-ﬁ (e(B-al _ 60)
B-a

e—ott _ e—Bt

B-a
Example 8 : Apply convolution Theorem to show that

t -t
[ze*dz="—(1-(@1+8t)e™)
! 64

Sol. Given integral can be written as

t t
e—92—t+zz dz = J'e*9lze(*t+zjdz = J.f(z) g(t — Z) dz
0

0

O t—

where f (z) = ze™*

=L (F (s) G (s))
glz) =e”

1 1 1
=L (197 s+ 1 For this step reason is

Lt L
Ll( 1 j (s+8)
s+1)(s+9) 1
(s+1)( ) P [_zj
toro1 1 S
=e L | —— st
s(s+8)° =e t

MATHEMATICAL : PAPER-II
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-t t

e st _e . -8t
_a(—(8t+1)e +1)—64(1 (1+8t)e™)

Hence the result.

VI. Self Check Exercise

Sooa(1 1 e - 2s
1. Evaluate (i) L 1(gsmgj (i) Ll(m)
2. Evaluate (i) L' + (ii) L *
(s—-1pP (s+2) (Sj
-50
50

3. Evaluate : (i) L' (ﬂj (ii) S(L (iii) L—l( 1 J

(s* + %) s? +169) s (a’s® +B?)

2ktkfl
4. Prove 2 * 2 *2*2* ... * 2 (k times) = k-1
5. Use Convolution Theorem to show that
1
B (m, n) =jxm-1(1—x)“-1dx EE (m, n > 0)
5 m+n

(i.e. relation between Beta and Gamma Function)
Hence evaluate

t

Isinh zcosh(t-z)dz = % t sin ht
0
Suggested Readings :

1. A.R. Vasushtha & Dr. R.K. Gupta, Integral Transforms by Krishna Prakashan
Media Pvt. Ltd. Meerut.
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LESSON NO. 2.1 Author : Dr. Chanchal

SOLUTION OF LINEAR DIFFERENTIAL EQUATIONS
USING LAPLACE TRANSFORMS

Structure :

2.1.1 Introduction

2.1.2 Method to Solve Linear Differential Equation with Constant Coefficients
2.1.3 Method to Solve Linear Differential Equation with Variable Coefficients
2.1.4 Method to Solve Simultaneous Ordinary Differential Equations

2.1.5 Self Check Exercise

2.1.1 Introduction

From our previous study, we are already familiar with the general methods of
finding the solutions of ordinary differential equations. In this lesson, we introduce
the methods to solve linear differential equations (with constent and variable
coefficients) using Laplace transforms.
2.1.2 Method to Solve Linear Differential Equation with Constant Coefficients

As we know L (f (t))=sF (s)-f(0)

L (f' (t)) = s2F (s) - f(0) - ' (0)

L (f2(t)) = s*F (s) — s*1f(0) — s™2f (0) ............ f>1 (0) where L (f (t) = F (s)
If function is taken as y = f (t), then we denote y for F(s)i.e., F(s)=¥

L(%}sy—ytm

d’y 2 = ,
L ae |73 y -s (y(0)-y'(0)and so on

Let the initial value problem is given by

44
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=

d’y dy
+b—=+y=h(t),y0)=0a,y" (0)=
a0 dt (t), ¥(0) y'(0)=

a

where a, b are constants and h (t) is any function of t
Step (i) Take Laplace transform on both sides, we get

al (ftgj +bL (d—yj +L(y)=L(h(t)

dt

a(s’y -sy(0)-y'(0)+b (s ¥ - y(0))+¥ = H(s)

which is known as subsidiary Equation, where H(s)=L (h (t)) and L (y (t)) = ¥

Step (ii) Put given values of y (0) and y' (0), we have
(as?2+bs+ 1)y —aas—-PB-ba=H(s)

(as+b)a+p+H(s)
as?+bs+1

y= (say)
Step (iii) Now take inverse transform on both sides

L'(¥)=L"(G(s))

y (t) = L' G (s)) which gives the required solution.

2

d
Example 1 : Solve d_tZer =6 sin 2t givenisy (0) = 2, y' (0) = 1.

Sol.

The given differential equation is

d%y

dt?

+y =6sin2t . (i)

Taking Laplace transform on both sides of (i) we get

s?§ —sy(0)-y'(0) + ¥ = 6L (sin 2t) where y =L (y) = 6 [ 22 4) .. (id)
s*+

But given isy (0) =2,y' (0) = 1

Equation (ii) becomes

12

2

2— —_—
sy -2s-1+y =
Y Y s +4

(2
s“+1)=2s+1+
v ) s?+4
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_2s+1 12
s?+1 (s2+1)(s*+4)

U
<

5 =28 + +12 ! - ! By Partial fracti
O I 362+1) 3(s2+4) (By Partial fractions)
_ 2s N S 4
s’+1 s’+1 s°+4
Taking inverse Laplace transform on both sides, we get
1 1
Ll_:2L1( ° j+5L1( j—4L1( j
) s’ +1 s’ +1 s’ +4
. 4 .
= y:2003t+531nt—§sm2t.
d*y dy 1,, . .
Example 2 : — -4~ + 5y =—t*; given is y (0) = y'(0) = 0.
P preRR M L y (0) =y'(0)

Sol. The given differential equation is

d’y  dy 1
4 x5y ==
dt? ac Y

2 v ... (i)
Taking Laplace transform on both sides of (i) we get
2= ' _ _ 1 2
'Y -sy(0)-y'0) -4 T -yO)+55 = | =
But givenisy (0) =y' (0) =0

s2y—0—0—4sy+0+5y=i3:>(s2—4s+5)y=i3
S S

.. (i)

Multiply by s®(s?—-4s + 5), we get
1=As?(s?-~4s+5) +Bs(s?-4s +5)+c (s2-4s+5)+(Ds+ E)s® ... (ii
Puts=0
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1=c(0-0+5) =|C=2

Equating coefficient of s*, s3, s?, s on both sides of (ii) we get
0=A+D,0=-4A+B+E,0=5A-4B + Cand 0=5B-4c

Solving Bzi, A:i’ Dz_i and |E = 24
25 125 125 125

(ii) becomes

-11s 24

74_7

_ 11 (1 4 (1 1(1
y:_(_j+_(_2j+_(_3)+ 125 125
125 s 25 \s 5\s s“—-4s+5

11(1} 4(1} 1(1) 11 s 24 1
=—— | — |+ —=| =5 |[+=]| = |- +
125 s) 25\s*) 5\s’) 125\(s-2)+1) 125((s-2/+5

Taking inverse Laplace transform on both sides
o2 (34 o
125 s) 25 s 5 S 125 (s—2)7%+1
N 24 L 1
125 \(s-27+1

2
. y:£(1)+ﬂ+1(t_j uthLl(s+zj+z4ele( 1 )

125 25 5(2) 125 s2+1) 125 s2+1

2
= y:1—1+ﬁ+t——£e2t(cost+2sint)+£e2tsint
125 25 10 125 125

L (1142004 2¢ +e*(-11cost—22sint +24sint)
125 2

y:%(11+20t+%t2 +ezt(231nt—11cost)j

which is required solution of (i).
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2.1.3 Method to Solve Linear Differential Equation with Variable Coefficients

Now, we explain the method with the help of following example :

d’y . dy :
e +t6—y=0 when y(0) = 0, y'(0) = 2.

Example 3 : Solve

Sol. The given differential equation is

d’ d
TrtYoy=0 (i)

dt? dy

Taking Laplace transform on both sides we get

—i(s??—s y(O)—y'(on—% (57 -y'(0)-§=0

But given is y(0) = 0, y'(0) = 2

d ,_ d  _ _
- -0-2)-— -2)-y=0
®$y ) dS(sy )-y

_ dy _ dy ) _
—|2sy+s> L |-|y+s—2L|-¥=0
= ( Y dsj (y dsj Y
= —(s2+s)d—y=+(2s+2)?:>—s(s+1)d—y=2(s+1)§
ds ds
dy _
s 2 =9
= Sds y

Separating variables, we get

y_ ,ds
y s
Integrating

logy =-2logs+logc=1logs™ Jrlogczlogi2
S

3 C
= =2
s2

Taking inverse Laplace transform, so

L' (§)=cL’ (izj =y=ct
s
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But givenisy=0whent=0..0=¢c(0)=0

which is time for every arbitrary constant c.

solution is y = ct where c is any scalar.

2.1.4 Method to Solve Simultaneous Ordinary Differential Equations

The method is explained through the following example :

dx dy
E le 4 : Solve — =ax+by,—=bx+a
xample Solve at y at y

Sol.

subject to conditions x(0) = a, y(0) = b.
Given differential equations are

dx
—=ax+b
ac o

dy
— =bx + 2

and at y

Taking Laplace transform on both sides, we get
sX — x(0) = axX + by and sy — y(0) = bx + ay

But given is x(0) = a,y (0) = b
Eqgs. becomes

sX—a=ax+by
and sy-b=DbX+ay
= (s-a)X-by=a
and bx-(s—-a)y=-b
Apply (s—a) (iii) — b (iv), we get

(s-afX=b(s-a)y-b’X+b(s-a)y=a(s—a)+b?
= (s-a)-b’)X=a(s—a)+b’

a(s—a)+b’

= X:(s—a)g—b2

Taking inverse Laplace transform on the sides,

a(s-a) +b2]_ oot [as + bgj

s-af-b? | s> - b’

L'(®)=L" [

: PAPER-II

.. (i)
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= x=eat(aL‘l(szfb2j+bL‘l(Szl_ob2j]

x =e*(acosh bt+ bsinhbt)
And apply b (iii) - (s — a) (iv), we get

bs-a)X-b’y-b(s—a)X+(s-a)’y=ab+b(s-a)
= (s—a) -b*)F=b(s—a)+ab

— b(s—a)+ab
= y (S_a)Q_bQ

Taking inverse Laplace transform on both sides, we get

1= [ b(s—a)+ab atr -1 DS +ab
LI(Y):LI{(S(—a)Q)—bQj:y:etLl[sQ—bQJ

= y = e* (b cos bt + a sinh b t)
X = e* (a cosh bt + b sinh b t)
y = e**(b cosh bt + a sinh b t)
gives solution.
2.1.5 Self Check Exercise

dz d?
1. Solve dtZ +y = g(t), y(0) = y'(0) = 0. Hence solve tZ +y=e'.
2. Solve (D*+ 2D?+ 1) x=0givenx=0,Dx=1,D?x =2, D% =-3 att=0.
3 sotve X429 5y Gint given is x(0) = x'(0) = 0
' dt’ dt & '
d%y dy _
4. Solve t —2 + (2t +3)—>+(t+3)y=e€".
e ( )dt (t+3)y
dx dy _ . _ _
S. Solve — =3y -2x,—> +y—-4x = 0 given x (0) = 4, y(0) = 3.
dt dt
d? 4w dy d
6. Solve —-x=e', L+t when x(0) = y(0) = y'(0) = 0.

dt? dt dt
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LESSON NO. 2.2 Author : Dr. Chanchal

SOLUTIONS OF SECOND ORDER PARTIAL DIFFERENTIAL
EQUATIONS

Structure :

2.2.1 Introduction

2.2.2 Solution of Second Order PDE by Laplace Transforms

2.2.3 Solution of Heat Conduction Problems by Laplace Transforms
2.2.4 Solution of Wave Equation by Laplace Transform

2.2.5 Self Check Exercise

2.2.1 Introduction

In this lesson, we learn the mathodology to solve the second order partial
differential equations particularly heat, wave and Laplace equations, with the help of
Laplace transforms. Before explaining the methods, we introduce some results
concerning Laplace transforms :
Results of Laplace Transforms : Let a function u (x, t) is defined for x € [a b] where
t >0 and it is function of some exponential order as t tends to infinity and is sectionally
continuous on eachfinite interval,

then, L(%) =su(x,s)—u (x,0)

o*u y
and L e =s"u(x,s) - su (x,0) - u,(x,0)

and L(@j:d_u’]; a_u :du
ox dx x> dx?

where U (x,s) =L (u(x,t)) J. u(x, t) dt
0

51
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ou ou
and azut (X’ t)’&:ux (Xa t)

OL2
oorlq e 1 4
Results : (i) L = e

A

(iii) L (e'“ ")= #e‘” .

Results of Fourier Transforms :

(i) F, (Z:Q’]:swo, t)—s?V (s, t)

where V_ (s,t) is Fourier sine transform of V (x, t) w.r.t.x

.. °V)  (ev 25
(ii) F, (yj = —(&)XO -8V, (s,t)

where V_(s,t) is Fourier cosine transform of V (x, t) w.r.t.x

(iii) F (Z:Q/] =-s’F(V)

where F (V) is Fourier transform of V w.r.t. x
Note : If V (x, t) at x = O is given, take Fourier sine transform and if V_(x, t) at x = 0 is
given, take Fourier cosine transform.
Now, we explain all the methods through suitable examples.
2.1.2 Solution of Second Order PDE by Laplace Transforms
62_U 10U

— where U (0, t) = U (2, t) = 0 and U(x, 0) = 10

Example 1 : Solve —=—
ox* 9 ot
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sin2n x — 20 sin ST x.
Sol. The given P.D.E. is

o°U 10U _
_8X2 _65 (D)

Taking Laplace transform on both sides,

d*U 1, =
=—(sU(x,s)-U (x,0
We get, A=’ 9( (x,8) ( ))
d’U 1 = 1
- —s U(x,8)=——(10 sin 2nx — 20 sin 5nx
= g2 ot UEsi=—gl § )
- (DQ —éle‘J:é(zo sin 51x — 10 sin 27x) ... (i)

To Solve (ii),

oa|(,$‘

A.E.isDQ—%:O:D:i

_ £ b,
CF.isU_=Ae?® +Be 3

where A and B are arbitrary constants.

and PLis U, = 1 (EsinSnx—Esinanj
p2_S\9 9
9
= [_Jp=§ 1 sin575x—E 1 sin 27x
9| 25022 | ap2 S
9 9

_20 sin 5nx N 10 sin 27w x
225712 + s 36n% +s

Hence general sol of (ii) is

o 5 x 5 x
U+U.+U_ =Ae ? +Be® -

20 sin 5nx N 10 sin 2nx
225n% +s 367 +s

. (i)

We are given U (0,t) =U (2,t) =0
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Taking Laplace transform, we get
U(0,s)=U(2,s)=0
Now (ii) = 0 = A + B (Putting x = 0)

% 72\/§ . .
and 0=Ae 3 +Be ° (Putting x =2) (- sinn=sin10% = 0)

Solving A=B=0

S b T - —20sin Snx N 10 sin2nx
(ii) becomes 2252 + s 3602 + s

Taking inverse Laplace transform on both sides,

We get U (x,t) =L (I_J)

1

~20sin 5n xL™ (—2
s +2257

j+ 10sin 27tx

2, . 3622t
=-20e " gin 57x + 107%%" ' sin 27x -

2.2.3 Solution of Heat Conduction Problems by Laplace Transforms
Example 2 : A semi-infinite solid x > O have initial temperature zero. At time
t = 0, a constant temperature V,> O is applied and maintained at the face x = 0. Find
the temperature at any point of solid and at any time t > O.
Sol. Let V (x, t) be temperature in the solid at any point x and at any time t. The
equation which governs the flow of heat in solid is given by
ﬂ—@;x>0,t>0,%>0 ... (i)
ot ox
Subject to boundary condition
V(0,t)=V,
and initial condition V (x, 0) =0
and V is finite V x, t.
To solve (i), Take Laplace transform on both sides of (i), we get

A d?V

sV (x,s)- V(x,0) = ol where V (x,8) =L (V(x, 1))
X
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= [DQ—ij\_lzo WhereD=i

Its solution is given by

\_/—Ae\/%X+Bei\/§S - (1)

where A, B are the arbitrary constants.
As V is finite V x so that y (x, s) is also finite as x — .

A must be zeroi.e., A=0

so that V = Be'J; ° .. (iii)
Given V (0, t) =V,
Taking Laplace transforms

\_/(O,S):VOL(I):&
S

\Y
Put x = O in (iii), we get ?0=B

— V., =
Hence V:—Oe‘/;
S

Taking inverse Laplace transform, we get

V(x,t)=L" (V)=V, L (1 e\/;]
S

=V, erfc (WJ =V, erfc [mj

()

2.2.4 Solution of Wave Equation by Laplace Transform
Example 3 : Find the solution of one-dimensional wave equation i.e.,
o’y .

2
a—27:(:2—2,X,t>0
ot ox
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Sol.

wherey (x,0)=0,y,(x,0)=0
y (0, t) =f(t) and y (x, t) > 0 as x - .
Given P.D. E i.e., wave equation is

o’ o’
28 )
ot ox

where boundary conditions arey (0, t) =f(t) and y (X, t) > 0 as x —> oo.

and initial conditions are y (x, 0) = 0, y (x, 0) = 0
To solve (i), Take Laplace transform on both sides of (i), we get

2= 2 dz}_]
sy (x,8) -8y (x,0) -y, (x,0)=c” —3
dx
2_
—~ s (x,5)-s(0) O—CQdZ
dx
d’y s _
= dXQ—C—QY(X,SFO
2
D*-2 |y=0
= [ o2 ] y
Its solution is § = Ae® +Be¢ .. (i)

where A, B are arbitrary constants.
We have y (O, t) = f (t)
Take Laplace transform, we get

¥ (0,8) =L (£(t)) = ¢ (s) (say)
And y (x,t)>0as x>0 =>7(x,s) >0as x > »©

y—>0asx—>w

so let A = 0 in (ii), which gives ¥ (x,s)=Be°

Putx =0, sothat y(0,s)=B=¢(s)=B

T xs)=d(s)ec

Take inverse Laplace transform, we get
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y (%)=L (¢(s) ec"j

=f [t - EJ h (t - Ej (- L™ (¢(s)) = f(t) and use second shifting theorem)
c c

where h(t —Ej is Heaviside's unit step function.
c

2.2.5 Self Check Exercise

>’y oy
1. Solve QZW;O <x<1,t>0 where, y (x, 0) = 0, y, (x, 0) = sin 3nx and

yG(t)=y(1,1t)=0.
2. A slab has ends x = 0 and x = [ which are kept at temperature zero. It

T X
has initial temperature as sin (Tj Find the temperature V (x, t) at

any point and at any time t.
3. A string is stretched between two points (0 0) and (I, 0). If it is displaced

TX
along the curve y = K sin (Tj and released from rest in that position

at time t = 0. Find displacement y (%, t) at any time t > O and at any point
X, 0<x<l
ov o’V

4. Fi luti f—=
ind solution o P

SubjecttoV (0,t) =1,V (n,t)=3 and V(x,0)=1forx € (On), t>0
Also interpret the above problem physically.



