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B.A. PART - III PAPER-IV
SEMESTER-VI MATHEMATICAL METHODS-I

LESSON NO. 1.1 Author : Dr. Chanchal

FOURIER SERIES-I

Structure :

I. Introduction

II. Some Important Results
III1. Dirichlet's Conditions

IV. Some Important Examples
V. Self Check Exercise

I. Introduction

. 1 . . .
A series of the form an +(a,cosx+Db,;sinx)+....+(a, cosnx + b, sinnx)+... is known

to be a Fourier Series . The numbers a, a_, b_(n = 1, 2, 3,....) which are constants
independent of x are known as Fourier coefficients.
Further, Fourier series for any function f(x) for x € (o, o + 2n) can be expressed as

a 0 0 .
f(x):?°+2an cosnx + Y b, sinnx
n=1 n=1
where a;, a_, b_are evaluated by using 'Euler's formulae'. While finding the values
of a,, a_, b, we assume that the series on the right hand side is uniformly convergent
for x € (o, o + 21) and can be integrated term by term in the given interval. We take

o+27

a, :% j f(x) dx

o+27
a _1 I f(x) cos nx dx

n
o
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o+27
b, _1 J f(x) sin nx dx
Tc a
(a) If o = 0, then the interval reduces to (0, 2n)
(b) If o = —n, then the interval reduces to (-n, ©), and we have the following cases:

Case I : When f(x) is an odd function

(i) aozljf(x)dx=o
L -
1 g
a,=— J f(x)cosnxdx =0 [+ f(x) cos nx is an odd function]
b, = 1 J‘ f(x) sinnx dx = 2 J'f(x) sin nx dx [~ f(x) sin nx is an even function]
T - T 0

Therefore, if f(x) is an odd function then the Fourier expansion contains only sine
terms as

f(x)= Z b, sinnx,where b, = 2 Jf(x) sin nx dx

n=0 To
Case II : When f(x) is an even function

. BE 2%
(i) 8 = _J;f(x) dx == [£(x) dx

0

a, = 1 J‘ f(x) cos nx dx = 2 J'f(x) cosnxdx [vf(x)cosnx is an even function]
n ny

-T

b, = 1 J f(X) sin nx dx =0 [~ f(x) sin nx is an odd function]
Tc -7

Therefore, if f(x) is an even function then the Fourier expansion contains only consine
terms as



B.A. PART - III 3 MATHEMATICAL : PAPER-IV

f(x):ﬂ+2arl cos nx dx -

n=1

II. Some Important Results

To determine a, a_and b_, following results should be kept in mind (m and n are

integers)
a+27 a+2mn
(i) J' sinnxdx=0= J‘ cosnxdxifn#0
o o
[.. o+2m ) COS NX a+21 1 ]
. I sinnx = —-| ——— =-—[cosna—-cosna]=0
’ n | n
a+27 1 a+2m
(ii) J' sin mx cosnx dx = — I [sin(m +n) X + sin (m — n)x] dx
o 2 o
~1|cos (m+n)x  cos (m—n)x|"™"
=— + =0m=n
2 | m+n m-n |a
a+27
(iii) J' cosmxcosnxdx=0ifm#n
o
. a—2m
(iv)

f sinmxsinnxdx =0if m# n

a—2m
(v) j ) X sin2nx]e-ln
cos nxdx=[—+ ]=TL’
2 4n a
a
a—2m
5 x  sin2nx1t
sin‘nxdx = |=— ]=n,n¢0
2 4x gy
a
a—2m
(vi) J sinnx cosnx dx = 0,n # 0
a
(vii) Jeax cosbx dx = a26—+bQ (a cos bx + b sin bx)



B.A. PART - III 4 MATHEMATICAL : PAPER-IV

ax

;;bQ (a sin bx — b cos bx).

(viii) Jeax sinbx dx =
a® +

III. Dirichlet's Conditions

A function f(x) can be expressed as a Fourier series

a—°+§:an cosnx+ibn sin nx.
2 n=1 n=1
where a;, a , b_are constants, provided.
(1) f (x) is periodic, single valued and finite.
(ii) f (x) has a finite number of discontinuities in any one period.
(iii) f (x) has at the most a finite number of maxima and minima.

The above mentioned conditions are known as Dirichlet Conditions.

sin nx

The integrals of the form Jf(x) dx and If(x) sin nx
0 X o

dx are known as Dirichlet
X

Integrals. Fourier series converges to f(x) at every point of continuity. Further, at a

point of discontinuity, the sum of the series is equal to the mean of the limit on the
right and left.

ie. % [f (x + 0) + f(x — 0)]

where f(x + 0) and f(x — 0) denote the limit on the right and the limit on the left
respectively.
IV. Some Important Examples
Example 1 : Expand f (x) = x sin X, 0 < x < 27 as a Fourier series.
Sol. Letf (x) =xsinx
_ %o

E+Zan COSI’IX+an sin nx (By def.)

n=1 n=1
By Euler's formulae, we have
1 2n 2n

a :-jf(x)dx:ljxsinxdx
° ng To

_ %[X(_ cosx)-1.(-sinx) [ = % [-27] = -2
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a. =

n

2n

17 .
—j (x)cos nx dXZ-IXSll’lXCOS nx dx
T 0 TCO

2n
=— J.x925inxcosnx)dx
n [0]

2n

= o IX[sin(n+1)x—sin(n—1)x]dx
T 0

MATHEMATICAL : PAPER-IV

1 cos(n+1)x cos(n-1)x sin(n+1)x sin((n-1)x o
=—|X3- + -15- 5 —+ 5
2n | n+1 n-1 (n+1) (n-1)
_ 1 2n{—cosQ(n+l)n+0032(n—1)n} nel
2m | n+1l n-1
-1 1 2
= + = ,n#l
n+l n-1 n®>-1 dx
T
In particulai when n = 1, we have
27 1 27
al:—J.xsinxcosxdx=—J.xsin2x
ny To
1 ( cos QXJ ( sin2xj S 1
Y _1f - -
2n 2 4 0 2m 2
2n 121[
b, == [ f(x)sin nx dx == [ x sin x sin nx dx
To To
2n
:—J'X[2sinnxsinx]dx
2n

0

2n

=— J'x[cos (n—1)x —cos (n+1) x]dx

27

0

0
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_ 1 {X{sin(n—l)x_sin(n+l)x}

ﬂ n-1 n+1

_1{_cos (n—l)x+cos (n+1)xH

(n —1)° (n+1) .

_i_COSQ(n—l)TC_COSQ(Il-‘rl)TC_ 1 N 1
C2n|  (n-1p (n+1) n-17 (n+1p
I O O S S S }:O,H;tl
2n|(n-1% @m+1® @m-1¥ @n+1)

In particular when n = 1, we have

27 27
blz—jxsinxsinxdx:iIx(l—cost)dx
Ty 2n
r 2n
_L _sin 2x 1 X~ cos 2x
on 2 4
L [0]
B 2
:i 211.275—47t —l+l i(2712):75
2n | 2 4 4 21

a . 00 0 .
f(x):E°+alcosx+blsmx+ > a, cosnx + Y b, sinnx
n=2 n=2

cosnx+0

1 . =
=-1-=cosx+msinx+ » —
2 nt -

. 1 2 2
=-1+= sinx - —CosxX +———cos 2x +———cos 3X+....
2 2 -1 3 -1

Example 2 : Obtain the Fourier Series expansion of f(x) = x sin x in (-n, n). Hence
deduce that

Y
= +
4 12 1.3 35 5.7
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e +..
1.3 3.5 5.7 4

Sol. Let f(x):%a0 +Zancosnx+2bnsinnx

n=1 n=1

Because f (x) = x sinx is an even function, .. b_= 0

Now a, :—J.xsmxdx——J.xsmxdx

-7

= 2 {x (—cos x)
T

T = 2
dx |= = [~ =2
+£cos X x} n[  cos 7]

0

a, =— J'xsmxcosnxdx——jxsmxcosnxdx
T

—T

:1j[xsin(n+1)x—xsin(n—1)x]dx
To

_xcos(n+])x

cos(n—-1)x

; n+1 n+1 n-1

T fcos(n+l)x xcos(n—1)x
+J dx +
0

0 0

1[ ncos(n+1)n ncos(n—l)n}
e + n-l
L n+1 n-1

n+1 n-1 n+l n-1

B2 B et el DRV R S O
= + }(1)[ }

:(—1)“[ 2 }:—2(_1)11,11;&1

n’-1 n®-1

In particular when n = 1

17 27
alz—J.xsinxcosde:—jxsinxcosxdx

chn TCO

"

0

n-1

PAPER-IV

dx}
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:ljxsinQde
TCO

b

:_—1{£.cos2n}:—l
T2 2

Thus f(x):la0+alcosx+ (_21) COS nxX
2 mnt -1
. cos X Z (-1)"
xsinx=—(2)= -2
@) 2 Z;nz -1

Ccos X cos 2x cos 3x cos 4x
=1- -2 - + +

2 3 8 15

For X=

n 1 1 1 1
SE—t————+——+..
4 2 1.3 3.5 5.7
OR
1 1 1 n 1 =wn-2

+ +... =
1.3 3.5 5.7 4 2 4

MATHEMATICAL : PAPER-IV

Example 3 : Expand in a series of sines and cosines of multiple of x, the function

given by
f(x) =x-nwhen -n<x<0
fx)=nm-xwhenO<x<mn

what is the sum of the series forx =+t nandx=07?
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Let f(x) :%ao + Zan CosnerZbn sih nx

n=1

By Euler's Formuale :

a, =%J.f(x)dx

. (Reason-1)
= J.(x—n]dx+j(n—x)dx}

-

= —]T.(X+TC)dX+]E(TE—X)dX:|

e
- —2£xdx}

a, _1 Jf(x) cos nx dx
T

0
:l{j(x—rr)cos nx dx
T -
+J(7t — X) cos nx dx}
0
=l|:—J(X+ﬂ) cos nx dx
T 0]

+]1 (mr — x) cos nx dx}

n=1

Reason-1 :
In the first integral
Take x = -t = dx = —dt

x=—n=>t=n1,x=0=t=0

=—T(X+TC] dx

By the above substitution
Reason-2 :

0
I(X—n]cosnxdx

(-t — m) cos (—nt) (—dt)

Bl Y]

0
:I(t+n) cos nt dt

g

= —I (t + ) cos nt dt

0

:—I(x+n)cos nx dx
0
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:—E]EX cos nx dx

T

-2

0

10

sinnx |t }sinnx
X —I dx
n [0 5 n
r X
cos nx}
n 0

2

nmn

n

ERE

EREE

2 n _ 2 4
_——2[(—1) —1]_m2 1

mn

[

O t—x

[cos nn - cos 0]

b =1If(x)sinnx dx
T

-T

K4
(x+n)sinnx+f(7t—x
0

= l |:27t Jsin nx dx}
i

= _2 [cos nnt — cos 0]
n

(x—n)sinnx+j(n—x)sinnxdx
0

(=1)"]

L 1

(Reason-3)

) sin nx dx}

MATHEMATICAL : PAPER-IV

By the substitution mentioned in
Reason-1 :

0
I (x — ) sin nx dx

- T(_t — n) sin (-nt) (~dt)

0
= —J (t + w) sin nt dt

T

(t + ) sin nt dt

O t—3

(x + @) sin nx dx

O 3



B.A. PART - III 11 MATHEMATICAL : PAPER-IV

=2 -]
n

The coeff. a_and b_are zero when n is even. In [-r, =], the points, x = 0 and
x = = w are the only points of discontinuity of f.
when x is different from O and + &, we have by using definition

f(x):l(—n)+z 22 [1—(—1)“]cosnx+23[1—(—1)“]sinnx
2 n=1 TN n=1
1 4| cosx cos3xX cos5x sinx sin3x
=——n+— >+ >—+ >t |+4 + +...
2 n| 1 3 5 1 3

V. Self Check Exercise

1. Obtain the Fourier series for f(x) = e*in the interval 0 < x < 27.
2. Find a Fourier series to represent x — x?>from x = -nto x = 7.
1 1 1 1 ?
Hence show that —2——2+—2——2+...:n—.
1 2¢ 3 4 12
3. Expand f (x) = |cos x| as Fourier series in the interval -n < x < 7.
and f (x) = |sin x| in-n<x<m.
4. Obtain the Fourier series for the function.

cosx forO<x<mn
f(x) =
—cosx for-m<x<O

5. Find the fourier expansion of function f(x) = 1 O<x<m and then
2 m<X<2n
deduce that £=1—1+l—l+...
4 3 5 7

Suggested Readings :
1. Shanthi Narayan and P.K. Mittal, A Course of Mathematical Analysis by S.
Chand and Company.
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LESSON NO. 1.2 Author : Dr. Chanchal

FOURIER SERIES-II

Structure :

I. Introduction

II. Half Range Sine and Cosine Series
III1. Parseval's Theorem

IV. Some Important Examples

V. Self Check Exercise

I. Introduction

In this lesson, we firstly introduce the idea of finding the Fourier series of function
f(x) in the interval ¢ < x < ¢ + 2], given by

a > nmx < . nmx
f(x)=="+> a, cos +> b, sin
2 n=1 n=1 l

Note 1. Whenlc = 0, x € (0, 2]) then

12t
a, =7 If(x)dx
0

12
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n

2t
a :ljf(x)cosﬁxdx
Ly l

2t
b, zlj.f(x)singxdx
Ly l
Note 2. When ¢ = -[, x € (-, ) then

1 1
a, :ij(x) dx
-1l
1 nr
a, :—J.f(x) cos —x dx
L l

1
b =+ [ flx) sin 2" x dx -
LY l

II. Half Range Sine and Cosine Series

If a function f (x) is defined over the interval (0, ) then it is capable of two distinct
half range series. One is cosine series and the other is sine series.

(1) We know that when f (-x) = {(x), the function is even or in other words f(x) is
extended to reflect in y-axis. Since f (x) is even therefore f(x). Sin nx will be odd and
as such there will be no terms containing ones therefore the half range cosine

series is
f(x):a—0+2arl cos 2%
2 n=1
l l
where a, = % [fx) dx,a, = % [ () cos 2= % dx
0 0
(2) Again if f(-x) = —f(x), the function is odd or in other words f(x) is extended to

reflect in the origin. Since f(x) is odd therefore f(x) cos nx will also be odd and as
such the terms a; and a_will vanish and f(x) contain only sine terms. Therefore the
half range sine series is
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dx

f(x)= b, sin ==
n=1

N

1
where b_ :7'[ (x) sin 2
0

III. Parseval's Theorem

Theorem : Fourier Series of f(x) over an interval ¢ < x < ¢ + 21 is given by

f(x):la0+ a, cos nTCX+bnsin nnx]
2 = l l

c+21

then = j [f(x)[Pdx = 2

+=3 (a2 +b?)

n=1

Alom
[\)|.—n

Proof : The Fourier Series of f(x) on c < x < ¢ + 2l is given by

f(x)za?O+Z{ancos 1’17-;X+bnsin nT;X} ... (1)

n=1

c+21
where a :7 J' flx)dx,

1 cos N1 X
2 =7 j flo) ——— dx
c+21
b, :% [ £ sin 27 % dx

Multiplying both sides of (1) by f(x) we get

[fx)] = %0 f(x)+ > a, f(x) cos ==

n=1

+ anf(x) sin 22X
n=1

Integrating both sides of (1) on between the limits
ctoc+ 2lw.r.t. x we have

c+21 c+21 c+21

j[f ]dx— j dx+za [ £(x) cos 72X

C

dx
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+Zb J f(x) sin nn

:—lao Za (la,, )+Zb (Ib,)

Tl [f(x)]? dx = Lag +1 i(aﬁ +b7)
d 2 ~ n n

c+21 2
% [ e dx=%{l;° +1Y (a2 +b2)

1 c+2y

or — J [f(x)]? dX_TO %i(ai+bi)

Hence the Prove.
IV. Some Important Examples

Example 1 : Obtain Fourier series for the function
f(x)=nx 0<x<1
=7(2-x) 1<x<2

Sol. Here, (=1

a & < .
Let f(x) :?°+Zan cos nm X + »_ b, sin nnx

n=1 n=1

2

a, =If(x)dx=jnxdx+_2[n(2—x)dx

c+21

MATHEMATICAL :

de

PAPER-IV
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In the second integral
2
ao:J.f(X)COSWCXdX Take 2 -x =t = dx = —dt
0
x=2=t=0
x=1=>t=1
1 2 2
:J'nxcosnxndx+jn(2—x)cosnnxdx .'.In(Z—x)cosnnxdx
0 1 1
1 1 0
:J.n Xcosnnxdx+jnxcos nr x dx =_[7t(t) cos (2nm — nn t) (—dt)
0 0 1
1 1
:2J.nxcosnnxdx :njtcosnntdt
0 0

. 1
S nw X cos N X
=2|nx.———— -~ ~T % 2
nn mn

0
cosnn 1
=2 T 2 T o
n'm n°n

:%(cosnn—l):%{(—l)n -1}
nrm nmn

By the above substitution

b:

n

O =y N

2
f(x) sin nr x dx - [m(2-x)sin nn x dx
1

1 2 0]
:J'nxsinnnxdx+jn(2—x)sinnnxdx :jntsin(an—nnt)(—dt)

0 1 1

1 1 1
:J'nxsinrcxdx—Inxsinnnxdx:O :—J.ntsinnntdt

0 0 0

1
=0 :—J'nxsinnnxdx
0
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2
n—0o ' T

L A(x) :%(n)+ ii [(-1)" =1]cosn  x

n 4|cosmxX cos3nX COSSnX
= =z + ™ + = +o ]

MATHEMATICAL : PAPER-IV

Example 2 : If f(x)=xwhen0<x<§=n—xwhen£<x<n

Show that (i) f(x)=

alsd

[sin X — 3

sin 3x sin 5x
+ +...

Wik=g2me

Sol. (i) For the half range sine series

Let f(x)= an sin nx
n=1

b, = 2 [£(x) sin nx dx
0

T

n/2 b
== Ixsinnxdx+.[(n—x)sinnxdx
n 0 n/2

n/2 n/2
== J X sin nx dx + I X sin (i — nx) dx
s
0 0

aln

/2
I X [sin nx + sin (nn — nx) dx]
0

T 2 {cos 2x  cos 6X
+ +

cos 10x }
= -

In the second integral

putt—-x=t=dx=-dt
x=n=>t=0

Xx=n/2=>t=mn/2

o | (n-x)sin nx dx
/

n/2

0
:—I t sin (nm — nt) dt
n/2

/2
= I X sin (nr - nx) dx
0
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n/2
:2 J .XZSinEcos[nx—Ejdx
Ty 2 2
/2
:isinE I x.cos(nx—gjdx
T 5 2
sin nx—E
_4sinnn/2 < sin(nx—nn/Q)ﬁ/Q_“J/'Q 2 ) ax
b ’ n 0 2 n
.. nw
4 sin —
2
= 2 0+i2cos(nx—gj r/
b b 2 )10
4 sin °F
2 |1 nn
== —2(1—COS—J
b4 n 2
4sinE 4sinﬂ.cosE
_ _ 2 2
nn? nn?
4si1'1E 2 sin 4si1'1g
- 2 _ - 2 {~sinnnt=0,nel}
nn? n’n nn?

Half range sine series is

. sin 3x sin 5x
sin X — 3 + =2 ..
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(ii) For the half range cosine series

f(x)=a—°+Zan cos nx

n=1

By Euler's Formuale

j f(x)d

%o 75/2
n/2 n
s I xdx+ I (m—x) dx} By the above substitutions
L /2
M, 2 ) n
) (r—x) |7 I (m — x) cos nx dx
8 -2 |n/2 2

= T tcos n (n—t)(—dt)

n/2

3N

/2 n/2
[Ixcosnxdx+ .[ - X)COSl’lele = Jtcos(nn—nt)dt
n/2 0

X cos (nm — nx) dx

:]Il\)

/2
J. [cos nx + cos(nn — nx)] dx
0

n/2
J. {2 cos on .COS (nx - E)} dx
o 2 2

o'—.;:

:]Il\)
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. n\|t/2 . b8
sin (nx—nQJ /2 Sin (nx—nj
i

:icosn— X — 7 — J. — 7 dx
P 2 n 0 n
0
4 nr| 1 n\|n/2
=—CoS — 0+—zcos nx-n—
b 2 n 2J10
4cosnE— -
=—22 cosO—cosn—}
TN L 2
4dcosn ™ cosn = . sin®> 2%
= (1—cosn—]—§ 2 4
= ) - . 2
T n T n
f(x)_—a0+2an COS nx
n=1
. 4cos 2 sin? OF
:£+2 Z 2 COS nx
4’ T |n=1 n2
- 2
:£+2 Mcos2x+ ( 3(1) cos 6x
4 n 4
_ 2
+w00810X+ .......
(10)

n 2|cos2x cos6x coslOx
——= B + 3 + =2 +....

(By taking n = 2, 6, 10,..... )
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V. Self Check Exercise

1. Find the Fourier Series for the function given by

X, O<x«<l1
f(x)=
1-x, 1<x<2

2. Find the Fourier series in the interval (-2, 2) when

f(x):{o 2<x<0

1 O0<x<2
3. Express f(x) = x has half range sine series in the interval 0 < x < 2.
4. Express sin x as cosine series when 0 < x < 7.
Suggested Readings :
1. Shanthi Narayan and P.K. Mittal, A Course of Mathematical Analysis by S.

Chand and Company.



B.A. PART - III PAPER-IV
SEMESTER-VI MATHEMATICAL METHODS-II

LESSON NO. 2.1 Author : Dr. Chanchal

FOURIER TRANSFORMS-I

Structure :
2.1.1 Introduction
2.1.2 Dirichlet's Conditions
2.1.3 Fourier Integral Formula
2.1.4 Fourier Transform
2.1.5 Fourier Sine and Cosine Transforms with Inversion Formulae
2.1.6 Some Important Examples
2.1.7 Self Check Exercise

2.1.1 Introduction

As we are already familiar about the concept of Fourier series, So now we can
easily understand the concept of Fourier transform which is of two types i.e., Fourier
Sine transform and Fourier cosine transform. It has many applications in the areas
of engineering and science as it is widelyused for solving practical integral and partial
differential equations with suitable boundary conditions.
2.1.2 Dirichlet's Conditions

Let f(x) be a function which satisfies the following conditions :

(a) f (x) is defined on some interval say x € (-A, A).
(b) f (x) and f'(x) are piecewise continuous in (A, A).
(c) f (x) is periodic whose period is 2A.

The above slated conditions are known as Dirichlet's conditions.
2.1.3 Fourier Integral Formula
Le f (x) be a function satisfying Dirichlet's conditions and is absolutely

integrable in (—wo ) i.e. I|f(x)|dx converges,

—©

Then f(x)= T(f(s) cos sx + G(s) sin sx) ds

22
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where mF(s)= I f(w)cos s wdw, t G(s) = I f (w)sins wdw

-0 —o0

Note : Here, f (x) can be re-written as

T

—0

f(x) = TH% T f(w)cossw dw} COS SX + {l T f(w)sins w dw} sin sxjds

_1 J' j f(w) {cos s w cos s X + sin s W sin sx} dw ds

$=0 w=—o

:l ]' J:"f(w) cos s (x — w) dw ds
T

$=0 w=—o

:% ] If(w)coss(x—w)dwds-

S=—00 W—00

Further, the Fourier integral formula can be represented in different forms

as:
L General Form : {f(x) :% T f(w) {]i Ccos s (X —w) ds} dw:l
S 0
II. Fourier Sine Integral Formula : If {(x) is an odd function,
then {f(x) = % Tsin sX {T f(w)sins w dw} ds}
0 0
III. Fourier Cosine Integral Formula : If f(x) is an even function,

then {f(x) = % Tsin SX {T f(w)sins w dw} ds}

-0

IV. Complex or Exponential Form : {f(x) = ZL J e's* {j f(w)e™ SVde} ds
b

Or

f(x)= % T e {T f(w) eiswdw} ds} .

-0 -0
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2.1.4 Fourier Transform
Let f (t) be a function defined and piecewise continuous on (- «) and is

absolutely convergent on (- ) i.e. j|f (t)| dt converges,

Then Fourier transform of f(t), denoted by f (f(t)) may be defined as

F(f(t) = [ f(t) €'*'dt = G(s) (say) (1)

Here, the function f (t) is inverse Fourier transform of G (s) and defined as

©

(0 =F'(G(s) = | Gls)e ™ dt @

T

This is called the Inversion formula for Fourier transform.
Further, there exist some other definitions of Fourier transform, given by

L me=zﬂ0€“&=G@) )
and f(t)=F ' (G(s)) = 2—171 _]ZG (s)e*ds . (4)
II. F(f(t))zﬁzf(t) et dt=G(s) ... (5)
and f(t)=F (G (s)) = % ];G(s) estds ... (6)
III.  F(f(t) = 1 T f(t) e *'dt = G(s) . (7)

T G(s)e'®'ds ... (8)

1
\/2_7-[—00

This is known as symmetric form of definition.

and f(t)=F(G(s)) =

All the above definitions are equivalent and such Fourier transforms are called
infinite or complex Fourier transforms.
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2.1.5 Fourier Sine and Cosine Transforms with Inversion Formulae
1. Fourier Sine Transform : Let f(t) be a function defined and piecewise

continuous on (0, «) and is absolutely convergent on (0 «) i.e. j| f(t)| dt converges
0
Then, Fourier sine transform of f(t), denoted by F_(f(t)) may be defined as
F, (f(t) = [ f(t) sin st dt = G,(s) (1)
0

Here, the function f (t) is inverse fourier sine transform of G_(s) or F_(f (t)) and
defined as

©

f(t) = % [G,(s)sinstds .. (2)

0

This is known as Inversion Formula for Fourier sine transform.
Another Definition :

F (f(t)= \/% Tf(t) sin st dt = G(s)

and f(t)=F," (G,(s))= \/g TGS (s)stds
T 0

which is known as symmetric form of definition.
2. Fourier Cosine Transform : Let f (t) be a function defined and piecewise

continuouson (0 ©) and is absolutely convergent on (0 ) i.e. J.| f(t)| dt converges.
0
Then, Fourier cosine transform of f(t), denoted by F_(f (t)) may be defined as,

FL 6(t) = [ 1) cos st dt = G s) ()

Here, the function f(t) is inverse Fourier cosine transform of G_(s) or F_(f{(t))
and defined as

f(t):%IGc(s)cosstds (2

This is known as Inversion Formula for Fourier Cosine transform.
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Another Definition :

F, (f(t) = \/% Tf(t) cos st dt = G,(s)

and f(t)=F, (G (s) = \/g Tf(t) cos stdt =G (s)
T 0

This is known as symmetric form of definition.
2.1.6 Some Important Examples
Example 1 : Using Fourier cosine integral formula, show that

@ 2

T W~ + 2) cos wx

—eXCOSX=J( ) dw,x>0.
0

w? +4

Sol. By Fourier cosine integral formula,

we have f(x):z.l.cos wx{jf(u) cos wu du} dw St
o 0
™ _
Here f(x)=§e *cosx

= fu)= ge‘“ cosu

O =38

f(u)cos wu du = Ig e " cosucoswudu
0

n 1
_><_
2 2

Ie'“(Q cos wu cos u)du
0
Tt
=Zje Y(cos (W +1)u+cos (w—1)ju)du
0

= % [I e " cos(w+1ljudu+ je‘“ cos(w —1ju du]

0 0
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T 1 N 1
4 (wH+1P 41 (w-1P +1

(W 2w+ 2+ W + 2w + 2
4 (w? +2w +2) (W* — 2w + 2)

m 2wW*+2) n(w®+2)
4 (w2 -2w) 2wt +4)

(1) becomes,

T w?+2
—e cosx——jcoswx —— |dw
2 o w2+ 4

]'icoswx (w? +2)d
5 w-+4

0, <1
Example 2 : Let f(x) ={ . * 0 Find fourier integral of f (x).
e, x>

Sol. By using fourier integral of f(x),

we have f(x :—J.[wa)coss(x—w)dwjds
= T[Tf(w)cossx W]dW+If Jcoss (x — w)deds

:_T TO.coss (x—w)dWJrojie'W Coss (X — W) de ds
0

e 0

0

1% _ . .
== I I e ¥ (cos sx cos sw + sinsx sin sw)dw |ds
0\ -

1ZX)
:—I cossxje cosswdw+smsx'[e sin sw dw | ds
(0] —o0
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:lI[cossx( 21 j+sinsx( QS Dds
Ty s +1 s +1

1 % cos sx + s sin sx
:—I 3 ds.
5 s +1

T

1-t?, -1<t<1 .
Example 3 : Evaluate F (f (t)), where f(t)= and then find
0, otherwise

thost—sint
0

t
3 cos—dt.
t 2

Sol. F (f(t)= Tei“f(t) dt

-1 1 ©
= [e* (e dt+ [e'*'f(t) dt+ [e'* () dt

-1 1

-1 1 0
= [0 dt+ [a-t*) e dt+[e'*"(0)dt

-1 1

2 ¢
: .—J.tel“dt
is L4 i is

ﬂ{ﬂ} —j(—2t) e dtJ+0=(o—0)+
S

. 1
21 (s sy 1 (et
= _—(e -(-1e )——[ j }
is|is is is )
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:i(z?oss+i2(2151ns)j
is is S

S s? S

1 (coss+i2sinsJ_—4 (s coss—sinsj
s

_ _4(5 coss—ssins) G (s) say)

tcost-sint

IInd Part : To evaluate I " cost/2dt use inversion formula of

fourier transform

we have —- I G (s)e'*'ds =f(t)
2n 7

3

= f—4(wj(cosst—isinst)ds:2nf(t)
o S

Equate real parts on both sides,

we get f -4 (MJ cos s tds =2nf(t)
s

-0

©

J~sins—coss

3

cosstds :@f(t)
] 4

-0

Ta-t7), -1<t<1
=452
0, otherwise

To find required integral, Put t :%

we get Isms—sscosscosgdszg( 1):37:
s

-0
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N 2J-(—l) (s cosss —sms)COS S ds :ﬁ
o S 2 3
N J~scosss—smscos idt: -37
5 s 2 16
we get J~tcos ts— Smtcosidt _ -37 .
0 t 2 16

Example 4 : Find the Fourier sine and cosine transform of f(t) where

2t , O<t<«l1
ft)=42-2t , 1<t<?2
0 , t>2

Sol. For sine transform

F,(f(t) = [f(t) sin's t dt
0
1 2 0
= [(t) sin st dt + [ f(t) sin st dt + [f(t) sin st dt
0 1 2

[ S——

2 ©
2tsinstdt+I(2—2t)sinstdt+IO.sinstdt
1 2

zg[t [%Sstj}l _jl(%sstjdt}[g_m)(—co: stj}Q _T(_Q)(_cc;s StjdtJ

. 1 . 2
= (_—Qcos s +OJ+2(—SIH S tj +(—ﬂcos 2s +0]_2[sms tj

S S S

= —gcoss +%(sin ] —0)+zcos 2s —%(sin 2s —sins)
S s S

2 2 2 . 2 . 2 .
=——-CcossS +—Ccos2s ——251n23 +—sins+—sins
s s s s S
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2 4 2 2 .
=-—cos s +—;sins +—cos 2s ——sin 2s.
S S s s

For cosine transform

(f(t)) =If t)cos s tdt
0

1 2 0
:If(t) cos st dt+jf(t) cos s tdt+Jf(t)cos stdt
0 1 2

—

Ithosstdt+IQ 2t) cosstdt+j0 cos s tdt

0

. 11 . .
:(QtSIHStJ _J~2smstdt+[(2 2t)smstj J-—231nstdt+o
s Jo 5 s s o3 S

. 1 2
=(2$1nS—OJ—2(—COSStj +(—zsin23—0j+2(—COSStj
s s s Jo s s s )

= 2sin s +%(cos s —1)—2sin 2s —%(cos 2s — cos s)
s s S s

2 . 4 2 . 2 2
=—sins+—Ccoss——sin2s—-—cos2s——.d
S S s s s

Example 5 : Find f(t) if F_(f(t)) = s™e™, m e N
and F_(f(t)) = s™e™
Sol. (i) Given F_(f(t)) = s™e™®

= f(t)=F.'(s™ ™) = 2 js‘“e‘xs sin st ds ... (i)
T 0

o0
To evaluate J-sme”‘S sin st ds

T t
We know |e™sinstds=—— i
;[ A2+ t? (i)

Differentiate (i) m times w.r.t.A, we get
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m+1

(—l)mJ‘e-xssm sinstds = & sin ((m +1) tan™ %)
° (A2 +t3) 2

n+l

dn[ a j: 1 In sm[(ml)tan-lij

dx” (x?+a?%) 2 *
- 1™ (g f(t)J - Llrﬁl sin ((m +1)tan™ %j (Using i)
(A2 +1%) 2
N f(t) = Amu sin ((m +1)tan™ %)
n(t*+27%) 2

(ii) Given F_(f(t) = smes

= f(t)=F.}(s™ e ™) = 2 [sme™* cos st ds .. (iii)
To

o0
To evaluate J‘sme‘ks cos st ds
(0]

t

We know |e™cosstds=——
!). A% +t2

.. (iv)

Differentiate (iv) m times w.r.t.A, we get

+1

(—l)mje_“sm cos stds = % cos [(m +1)tan™ %j
° (2 +t2) 2

dn( a j: (1" In cos((n+1)tanlij

dx" \x* +a’ , X
(x*+a”)?
- 1™ [g f(t)j - % cos [(m +1)tan™ %) (Using (iii))

(\* + ) 2
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2  2m

= fit)== — cos ((m+1) tan™ ij
I 9 o A
n(t? +12) 2

2.1.7 Self Check Exercise

2, 0<x<m _. L
1. Let f(x)= 0 R . Find fourier integral of f(x).
X>T

>

2, 0<x<m

2. Let f(x)= {O R
, X>T

. Find fourier sine integral of f(x) and evaluate

tl-cossn .
I—sm sxds.
0 s
3. Find Fourier transform of

1+ L, -2a<t<O0
2a
t
f(tj=q1-—, O<t<2a
2a
0, otherwise
4. Find the Fourier sine and cosine transform of f(t) where
t , O<t<l1
flt)=42-t , 1<t<?2
o |, t>2
S. If cosine Fourier transform of f(t) is
2h—s

ZhZS 2
F(f(t)=1 4 ° = - Find f(t)
0, s > 2\
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will go

FOURIER TRANSFORMS-II

Structure :

Introduction

Linearity Property
Change of Scale Property
Shifting Property
Modulation Theorem
Convolution Theorem
Parseval's Identity

Some Important Examples
Self Check Exercise

Introduction

After introducing the concept of Fourier transform, we here, in this lesson,
through the following properties of Fourier transforms :

F (af (t) + bg(t)) = aF(s) + bG(s), where F(s) and G(s) are Fourier transforms of f(t)
and g(t). This is called Linearity Property.

F(g(kt)):lF S| where F(s) is Fourier transform of f(t). This is called change
Ao\A

of scale property.
F(f(t-a)) = e**F(s) or F! (e's*F(s)) f(t-a) and F(e {(t)) = F(s + a), where F(s) is
Fourier transform of f(t). This is called shifting property.

Fis+A)+F(s-2)

Modulation Theorem : F(cos(\t) f(t)) = 5

where F(s) is Fourier

K

transform of f(t).
Convolution Theorem : F(f*g) = (F (f(t)) F(g(t)) where, f*g may be defined as
The convolution of two functions f(t) and g(t) (-« < t < «) is denoted by f * g and

defined as f*g= I f(u)g(t —u)du or I gu) f(t-u)du.

—0 —0

34
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6. Parsevel's Identity : (i) I f(t)g(t)dt = _[ f(s) G (s)ds

-0 —0

) [0 de= [IF@s) ds

Where F(s) and G(s) are respective complex fourier transform of f(t) and g(t).
Further, g(t)and G(s) are the respective complex conjugates of g(t) and G(s).

Now, we prove all the above properties.

2.2.2 Linearity Property

Theorem 1 : If F(s) and G(s) are Fourier transforms of f(t) and g(t) respectively,
Then F (a f(t) + bg (t)) = a F(s) + b G (s) where a, b are constants.

Proof : We know F(s)= J e®'f(t) dt and G(s) = J e*g(t) dt (1)

—0

Now F (a f(t) + bg (t)) = T e (af(t) + bg(t) dt
= T etaf(t) dt + T e *'bg (t) dt

= a.[ e™'f(t)dt+b J. e g (t)dt

=aF(s)+bG(s) [Using (1)]
Theorem 2 : If F_(s) and G_(s) are Fourier sine transforms and F_(s) and G_(s) are
Fourier cosine transforms of f (t) and g (t) respectively,
Then F_(af (t) + bg (t)) =aF_(s) + b G_(s)
and F_(af(t) + bg (t)) =a F_(s) + b G_(s)

Proof : We know F,(s)= If(t) sinstdt, F,(s) = jf(t) cos st dt
0 0

and G,(s)= jg(t) sinstdt, G (s) = Ig(t) cos st dt
0 0
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Now  F (af (t)+bg(t)) = T(af(t) + bg(t)) sin st dt

0

= Iaf(t) sin st dt + Ibg (t) sin st dt
0 0

:ajf(t) sinstdt+b Ig (t) sin st dt
0 0
=aPF_(s)+bG_(s).

And F_(af(t) + bg (1)) = | (a f(t) + bg(t) cos st dt

Ot—38

af(t) cos st dt + Ibg(t) cos st dt

O t—38

©

J' f(t) cos st dt + bj g(t) cos st dt
0

=aPF_(s)+bG_(s).
2.2.3 Change of Scale Property
Theorem 3 : 1. If F (s) is complex Fourier transform of f(t)

Then F(f(M))=~ F (5)
A\
II. If F_(s) is sine Fourier transform of f(t)
Then F, (f (\))=~F (ij
A A

S

III. If F_(s) cosine Fourier transform of f(t)

Then F, (f (:t) =5 (xj

Proof : (I) We know F(s J e f(t)dt

MATHEMATICAL : Paper-1V
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Now F (f(rt)= [ e™f(t) dt [Putit=u= dt= Tu]
- J e’ f(u) du
- A

1% i(?ju s
== [eW fuydu=—F| =
_J;e (u)du [kj
(I)  We know F,(s) = [f(t) sin st dt
0
< . du
Now F, (f( 1)) = [f(r t) sin st dt [Put?t=u=dt=—-]
0

_ [ ffw) sin [ 5998
—J;f(u)sm(xj Y

Now, the reader can easily prove the III part.

2.2.4 Shifting Property

Theorem 4 : If F (s) Fourier transform of {(t)

Then (i) F(f(t—a)) =eF (s)or Fl(e*F(s)) =1f(t—a)
(ii) F (e f(t)) = F (s + a).

Proof : (i) We know F(s)= jeiStf(t) dt

Now F(f(t—a))= T f(t—a)e™ dt
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= [ f(we*" du [Put t — o = u = dt = du]

—0

= [ ftwpe™e™ au=e" [ fu)e™au

—0 —o0

=e®“F(s)
(ii) F (e“'f(t)) = j e®telf(t) du = j el CrI(t) dt

=F (s +a).
2.2.5 Modulation Theorem
Theorem 5 : If F (s) is complex Fourier transform of f (t).

Then F (cos (1 t) f (1)) = L8+ M; Fs-4)

Proof : We know F(s)= J e'f(t) dt

Now F (cos % tf(t)) = [ €' cos At fi(t) dt

—0

© irt —irt
el te) ) f(t) dt

:% J’ (ei (s+A)t n ei (s—k)t) f(t) dt

-0

1 I i(s+ T i(s—
ZEUe‘ () de+ [ €'t “‘f(t)dtJ

—0

F(s+A)+F(s -2

1 L —
=§(F(s+k)+F(s A)) = 5

Theorem 6 : If F_(s) is cosine Fourier transform and F (s) is sine Fourier transform of

f(t).
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Then

()  F.(cos () (1) = =M ; F, (-7

F (s+2)+F. (s—1)

(ii)  F.(cos(Lt)f (1) = 5

_F, (s=A)—F, (s+2)
- 2

(iii)  F.(sin (A t)f (1))

_F, (s+))-F, (s-1)

(iv)]  F. (sin (A t)f (1) 5

Proof : (i) F(cos (A t)f(t))= Tcos At f(t)sin st dt

2 sin st cos At f(t) dt

N |~
O =38

(sin(s+A)t+sin(s—A)tf (t)dt

N |~
O =38

:%Tf(t)sin (s+k)tdt+Tf(t)sin(s—k)tdt
=%(FS (s+A)+F,(s—4))

(ii) F (cos (A t)f (t))=|cos At f(t) cos stdt

O3

(2 cos st cos At) f (t) dt

Il
N |~
O =38

(cos(s+A)t+cos(s—A)tf(t)dt

N |+~
O3
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I cos s+l)tdt+If(t)cos(s A)tdt
0

lolr—*

:%(Fc(s+k)+Fc(s—k))

Now, the reader can easily prove (iii) and (iv).

2.2.6 Convolution Theorem

Theorem 7 : Prove the Fourier transform of convolution of f(t) and g(t) is the product of
their Fourier transforms i.e. F (f * g) = (F (f(t)) (F (g (1))

Proof : We have f*g= I f(u) gt —u)du

-0

- F(f*g)=F(Tf(u)g(t—u)duJ

—0

Il
—3

@,
—
g';'—~.8

=

£

w

—

£

c
(N —

[oN

=3

T f(u) {T e g(t-u) dt} du

j

—0

f(u) {I e ) g(x) dx} du [Putt-u=x=dt=dx]

[By change of order of integration]

= T f(u) {eisu T e g(x) dx} du

—o0

= T e*'f(u) F(g(x)) du

= (F (g(x)) [ [ e tw) duj
= F (g (t) F (£ (1) (F (8(x) = F (g (1))
= F (£ (1) F (g (1)
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Note : (i) We also denote F (s) and G (s) as Fourier transform of f and g respectively.
F(f*g)=F(s) G(s)
(ii) By inversion formula
7 (F(s) G(s)) =f*g=F"(F(s)) * F'(G (s)).
2.2.7 Parseval's Identity
Theorem 8 : If the complex fourier transform of f (t) and g (t) be F (s) and G (s)
respectively.

Prove : (i) Tf(t)g(t) dt=T F(s) G (s)ds
where g (t) is complex conjugate of g (t) and G (s) is complex conjugate of G(s).
@) JITOF de= 17 @) Fas

Proof : (i) By inversion formula (for Fourier transform), we get

s)e™'ds

L -
t’:ELG(

Taking complex conjugate on both sides of (i)

We get g_(t)zﬁz@ e ds
Now j f(t) g(t)dt = | f(t)[ 1 T et dsJ

- TG_(S)[\/;_ Tft)elst dt]

?—!

(By change of order of integration)
= [ F(s)G (s)ds

(ii) g (t)=f(t)in (i). Then G (s) = F (s)

Tf(t)f(t)dtz TF(s)Ws)ds: T|f(t)|2 dt = T|f(s)|2 ds -

—0 —0
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Another Form : (i) T f(t) g(t) dt = QL T F (s) G(s) ds
n —0

—0

©

() 1|f(t)|2dt=i£|}?(s)|2ds,

Theorem 9 : If F_(s), G_(s) are Fourier cosine transforms and F_(s),

sine transforms of f (t) and g (t) respectively.

Then prove (i) Tf(t) g(t)dt = 2 TFS (s) G, (s)ds
0 s

0

. -
(i) !f(t) glt)de == !F (s)G.(s)ds

©

2 27 )
(i) j (£(t)) dt=;£(Fs(sn ds

(iv)

O =8

(0 de=2 [(F,)F ds
To

G_(s) are Fourier

Proof : (i) and (iii)|By inversion formula (for Fourier sine transform)

2% .
We get g(t)= . J.GS (s)sin st ds
0

Now Tf(t) g(t)dt = Tf(t) [2 T G, sin st dsj dt
0 0 To

_2 TGS (s) [T f(t) sin st dtj ds
L 0

0

(By change of order of integral)

which proves (i)
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Put g (t) = f(t) Then G_(s) = F_(s)
Teor 270 o
[0t == [(F,(s)’ds which proves (i)

Now, the reader caneasily prove (ii) and (iv) part.
2.2.8 Some Important Examples

. . . . e —e™, 1<t<?2
Example 1 : Find Fourier sine and cosine transform of f(t)= oo
0, otherwise

Sol. F_(f(t)) = Tf(t) sin st dt

1 2 0
= [(t) sin st dt + [ f(t) sin st dt + [f(t) sin st dt
0 1 2

[ S——

2 ©
0 sin st dt + j e* —e?)sinstdt+ IO sin st dt
1 2
(Using linear property)

2 2
=0+J‘e2t sin st dt—Jth sinstdt+0
1 1

2

o2t 2 e 2t
= ( (2 sin st —scos stj - { > (-2 sin st —s cos st)]

s“+4 s*+4

1 1

2

4
:[ © (2311’123—300323)}—( 2e (QSins—scoss)j
s +4

e e’
+( (2sin23+scos23))—( 3 4(23i1’1s+scoss)]

s’ +4 s® +

1
214 (2 (e*+e?)sin2s—(e*—e?*) scos2s -2 (e2+e?2)sins + (e?— €2 s cos)

2
= 14 (2 cosh 4 sin 2s — s cos 2s sinh 4 — 2 cosh 2 sin s+ s cos s sinh 2)
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Now, the reader can easily solve for the Fourier cosine transform.

2cos 3t, 0<t<a

usin
0, t<a &

Example 2 : Find Fourier cosine transform of f(t):{

modulation theorem.

<t<
Sol. Here f(t)= {2 cos 3t, O0<t<a
Oa t<a
2,0<t<
= f(t) = (cos 3t) [{ aJ
O, t>a
= (cost 3 t) g (t) say

2,0<t<a

Firstly find Fourier cosine transform of g(t)= {O t>a

F.(g(t) = Tf(t) cos st dt

0

O ——y

2 cos st dt+IO.cos st dt
0

+0 :gsin as =F,_(s)
o S

sin st )*

S

By Modulation Theorem

F (s+3)+F.(s-3)
2

F,(cos 3tg (t)) =

_1(2 sin (a(s + 3)) . 2sin (a(s —3))]
2 s+3 s-3

_sina(s+3)+sina(s—3)
s+3 s-3

_(s=3)(sin (a(s + 3))) + (s — 3) (sin (a (s - 3)))
-9

s (sin (a(s + 3))) + sin (a(s — 3)) - 3 (sin (a(s + 3))) —sin (a (s — 3))
s*-9
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2s sin a s cos 3a — 6 cos as sin Sa
s?-9

sin ax n(l-e
X =

a2 )

Example 3 : Use Parsevel's identity to prove j @+ <) ST oa?

Sol. Letf(t)=e=

Then F, (f(t)) :I ‘cos stdt = Qa 3
o s“+a

1,0<t<a

t) =
Further take g(t) {O, t>a

Then F, (g(t)) = Tg(t) cos st dt

a

jl cos st dt+IO cos st dt

o

sin st )*
= +0
S Jo

__sinsa

S
By Parsevel's identity for Fourier cosine transform, we get

£(6) g(t)de = 2 [F, (£ () . (g(0) ds

0

O t—38

U
O ey

s frogoa -2 (2 ) (M2 g,
0 T 0

s?+a? S

e 1dts e 0dt=2 [ 25nas
s s(s +a?)

U
O ey

a

et 2% asinas
Lo-2(asnas 4o
- [ J n!s(s%aﬂ

Paper-IV
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1 e? 1 _2]3 a sin as
= —a s (s’ +a)
© _a2

J-asmas ] 1-e

= 0s(s®+a’) 2 a
? sinas (1 e'az)

x(l—

dx =
= Jx(x2+aQ) 2a’

1
. i ind F'|l ————
Example 4 : Use convolution to find (12 —247 is}
Sol. We have 12-s?+ 7is =12 + 4 is + 3 is +i?s?

=4 (3 +1is) +1is (3 + is)
= (4 +is) (3 + is)

e R )
12-s*+7is (4 +is) (3 +is)

(k) (25)

Already we have done in example 4, that

- 1 _
F 1(@) =e 'H (t) where H (t) is unit step function

Similarly F! (Lj =e *'H(t)
4 +1is

1

Sothat p7'| — —
12-s?+7is

] = (e 'H(t)) * (e "'H(t)

= J e *"H(u) e " "H(t — u) du

—©
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—e™ T e"H (u)H (t —u) du

—0

Here H (u) H (t —u) = lforO<ucx<t
Oforu<Ooru>t

0 1 ®©
So that F! + =e ™ je“.O d11+jeu .1du+je“.0du
12-s"+71is - 5 1

2.2.9 Self Check Exercise

8

. . . [ dt =
1. Using Parsevel's identity, prove ! E+17 4
2. Prove if F (f (t) = F (s) then F (t*f (t)) = (-i)» ddFI(ls) .
s
3. Use convolution to find F! ;2
6+5is—-s
. ,0<t<«1
4. Solve for f (t) if [f(t)cos stds ={2,1<t<2
0 0,t>2

2tcos 3t, 0<t<a

5. Find Fourier sine transform of f(t)=
o, t>a
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LESSON NO. 2.3 Author : Dr. Chanchal

FOURIER TRANSFORMS-III

Structure :
2.3.1 Introduction
2.3.2 Inversion Formulae
2.3.3 Some Important Examples
2.3.4 Solution of Heat Conduction Problems by Fourier Fourier Transforms
2.3.5 Self Check Exercise

2.3.1 Introduction
Definition 1. Finite Fourier Sine Transform

Let f (t) be a function defined on (0 [) and satisfying Dirichlet's conditions on
(0.

The finite fourier sine transform of f(t), O < t < lis defined as

l
F, (f(t)) = [ f(9 sin “Ts't dt;seN
0

Definition 2. Inverse Finite Fourier Sine Transform :
The above function f (t) is known as inverse finite fourier sine transform of
F_(f(t)) and is defined as

B (F, (f(t) =1(t) = % S ((0) %ﬂst

Definition 3. Finite Fourier Cosine Transform

Let f(t) be a function defined on (0, ) and satisfying Dirichlet's conditions on
0, D).

Then finite fourier cosine transform of f(t), O < t < [is defined as

cos 1 st

F.(f(t) = | f(t) —7 dt;seN

O t—y~

Definition 4. Inverse Finite Fourier Cosine Transform :
The above function f (t) is known as inverse finite fourier cosine transform

48
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of F (f (t)) or F (s) and is defined as
(Thls formula is got from Fourier cosine series {(t) z cos nnt]
s=1

2.3.2 Inversion Formulae
The inversion formuale for finite Fourier sine transform is given by equation
(1) given in the introduction. It can be proved as :
Proof : Given function f(t) is defined in (O, [) satisfying Dirichlet's conditions in (0 J).
Now define f(t) on (-1 0) such that f (-t) = —f (t) so that the function f(t) becomes
an odd function on (-I ]), satisfying Dirichlet's condition on (-1 ).
By result from Fourier series,

& sin 7 st
£(t)= 2 b, —
s=1

dt,seN

l
where b, = %J sin 7 st
0

_ % F. (f(t)) [Using (i)]

sin 7 st

Hence f{(t) :i l

s=1

F, (f(t))

~| N

F(E0) —

23 sin st
T -
Now, the inversion formulae for finite Fourier cosine transform, given by
equation (2), can be proved as :
Proof : Given function f(t) is defined in (O, [) satisfying Dirichlet's conditions in (0 )
Now define f(t) on (-1 0) such that f (-t) = {(t)
By result from Fourier series,

f(t):%’JrZaS cos (S?tj
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-2F, ()

And = %

j (t)dt——F(O)
$0 thatf(t):%Fc(O)Jr ZF (£(t)) co s(STl‘t]

—%FC(O) ZF (S’;t)

2.3.3 Some Important Examples
Example 1 : Find finite Fourier sine and cosine transform of

Sol. (i) Here F, (f(t)) :If ) sin st dt
0

= jf(t) sin st dt + jf(t) sin st dt = jt sin st dt +J(n—t) sin st dt
0 ki 0 k3

2 2

S

:(r(—cos stD2 _%1.(—003 St]dt+[(n—t)[_cos stDn _]-(_1)[—003 st
S 0o 0 s S o

1(mcossm 1(sinst)2 1n st) 1(sinstY)
= |22 0+= +|0+=Zcos = |-=
s\2 2 S s Jo s 2 2 ] s Jz

2

S

jdt

MATHEMATICAL : Paper-IV

[Using (i)]
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_ 2 sinms
s 2
2 i .
s_2(0)1 s even integer
2 f s odd i . _
= 3—2(1)1 s odd integeri.e. s=1, 5,0,....
2 s odd i . _3 7
s_Q(_l)l s odd integer i.e. s=3, 7, 11,....

0 if s even integer

= %ifs odd integer i.e. s=1, 5,9,....
s

%ifs odd integer i.e. s=3, 7, 11,....
s

(ii) Here F f(t)= Jf(t) cos st dt
0

O =N |3

f(t) cos st dt + jf(t) cos st dt

2

Il
O\ |a

(t) cos st dt + I(n —t)cos st dt

2

=(t smstj ~ 1.smst
S 0

ot—|a

dt + [(n— f S0 St} -

S 2
2

[

sin st

dt

MATHEMATICAL : Paper-IV

(sins t=0)
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T (sn} ( cos stjg Osinms w . (snj 1 (—cos stj“
=—sin 0-— + —-—sin|—||[+—| ——
2s 2 s s o s 2s 2 S S L]

2

—(O) - ﬂ - i1f s odd integer
s’

= —2(—1)——2—%ifs even integer i.e. s=2,6,10,....
S S

g(1)—i2—i2 if s even integer i.e. s=4,8,12,....

0 if s odd integer

= é if s even integer i.e. s=2,6,10,....
s

0 if s even integer i.e. s=4,8,12,....

Example 2 : Find finite Fourier sine and cosine transform of f(t) = sin a t, t € (O =).
Sol. Case (i) when a#=* s

F, (sin at) = J'sin at sin st dt
0

l\)l»—‘

J'cos a—s)t—cos (a+s)t)dt
0

_l(sin(a—s)t_sin(a+s)tj”
2 o-s o+s o
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2

1 (sin(oc—s)n_sin(a+s)_oJ
a-s o+s

(a0 +s)(sin (a0 —s) 1) — (o0 —s) (sin (o + S) TC)]
o -8’

(1(sin(oc—s)n—sin(a+s)+s(sin(oc—s)n—sin(oc+s)rc)j
2 2

a —S

2
o —32

(a (2 cos ansinsn)+ s (2 sin ancos sn)j
[0 + 2s sin an (-1 ]

:—(_1) SZ(SH; an),aiis.
o —s
Case (ii) : When o ==*s

F, (sin at) = Isin (£ st) sin st dt
0

=jisin2stdt:ijl_LS23tdt
0 0 S

Further to find fourier cosine transform.

Case (i) : F (sin at)= J'sin at cos st dt
0

(sin (o +s)t+sin (o —s) t) dt

Il
N~
O 2

1 (—cos (o +8)t  cos(a —s)tj”
2 0

a+s a—-S



B.A. PART - III (SEM-VI) 54 MATHEMATICAL : Paper-IV

2

_l(—cos (o +s)t cos (oc—s)tj“
oa+s a-s

0

_l(c (o +s) cos(oc—s)anrl( 1 N 1 j
2 oa+s o-s 2\a+s a-s
l(oc s) cos (o +s)m + (o + ) cos (o —s)n j a
=—= +
2 a’ -s® a’ —s?
__l{a cos (o + s)m + cos (o —s) 1) — s(cos (o + s)m — cos (oc—s)n}+ a
2 a’ -s® a’ —s®
_ 1 (oc(Q COS o cos src) + s(2 sinansin sn)j L a
2 a’ -s? o’ -s”
1 (2acosom( 1 +0 o
=—= +
2 a’ -s”
— a 1 15 . +
_OLQ—SQ( —(-1° cosan);a#ts

Case (ii) : Whena ==* s

F, (sinat)= Isin (£ st)cos st dt

sin 2stdt == 1 (Mj
2s o

I

I+
N |~
O t— 5
N

:i%(cos 2sn—cosO):J_rl(1—1):0.

N

2.3.4 Solution of Heat Conduction Problems by Fourier Fourier Transforms

oV o’V

Example 4 : Solve rn = e with following conditions
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Sol.

x, 0<x<1

(i) V.(0,t) =0 fort>0 (ii) V(X’O):{O o

(iii) V (x, t) is bounded

) oV &V
Given P.D. E is T

AsV =0is givenatx =0

So take Fourier cosine transform on both sides of (i), we get

I%cos sX dx:]c‘a2

0

cos sx dx

XQ

d (7 o’V —
. a4 [E[V cos sx dx] =F, [6}(2 ] =—(Vy),, —s°V,

— — v
- iVC =—0—s2VC:>d_° =-s’dt
dt \Y

[}

— 2 '
= V. =ce ™" (say)wheree® =c

c

X, 0<x<1

Also given Vv (x,0) = {0 .
, X >

Taking cosine fourier transform,

We get (\_/C >t:0 = TV (x,0) cos sx dx
0

ot—y

o0
X COS sxdx+ja cos sxdx:(x
1

S X

0 o

+i2(coss—1)

s S o S s

. 1 .
_sins 1 N cossx | _ sins
s

. 1 1 .
sinsx j J~ sin sx

dx+0

: Paper-1V
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o (sins coss-1
= c.e = + 3
S S

= c=

sins coss-1
+

S s?

2

= sins coss-—-1) 2
Hence ch[ + je“.
s s

Taking inverse cosine fourier transform,

sins coss-1
+

s s?

We get, V(x,t)= 2 I[ je'szt cos sx dx -
T 0

2
Example 5 : Solve 6_V:8\2/

5 using finite Fourier transform, if V (0, t) = 0 and
X

V (4,t) =0.And V (x, 0) = 4%, where x € (0 4); t > O.

) 0V 8%V )
Sol. Given P.D.E. is E:67 ... (i)

Subject toV (0, t) =0, V (4,t) =0 and V (x, 0) = 4x wherex € (0, 4); t >0
As V (0, tjand V (4, t) are given, so we should take finite Fourier sine transform
on both sides of (i), so we get

(Here L = 4)
4 4 A2
a—Vsin%dx:ja\Qfsinsnxdx
4
0 0
4 P
= £ IVSin%dK =(a—vsin%j _J'a_v(s_ncosﬂ)dx
dt 0 4‘ ax 4_ o 0 > 4 4
\7 4
= Ve 057 [V 6 STX gx
dt 4 2 ox 4

0
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ST I sm ¢
== | V(& t)cos st-V (0,1) cos 0)+ = [V si
L 0
4 2, _2
-4 O—O+S—7TJAVsin—STCX dx |=-2F V,
4 43 4 16
dv, % -
S — V
= dt 16 °
d\_/ S2TE2
== = dt
= A 16
_ s2n2
Integrating, log v, =— T tic
521'[2 521'(2
— t+c' , 6
= V,=e1® =e“ el

S

2 2

ST

=

Further put t = 0, we get

V,(s,0)=ce’ =c

4
- C:\_/S(S,O):J.V(X,O)sin¥dx
0

4x sin S?TX dx

Il
Ot—

4
STX STX
COS —— —COS ——

MATHEMATICAL

nsn—xdxj
4

— t '
V, (s,t)=ce * where C =¢° is arbitrary constant

: Paper-1V
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sin—snX
4x4
c=4|- cossn+0+— 4
ST ST st
4 0

c=4[_16(_1) + =5 (sinsn—sine)j
ST s°n

~ 64 (_ 1)s+1
ST

+0

16

_ (_1)s+1 64 —sant
V(s,t)=J %%
ST

Apply inversion theorem for finite Fourier sine transform,

0

We get V (x,t)= %Z st]sm%x

MATHEMATICAL

Note : The above problem can be interpreted as :

: Paper-1V

Find the temperature V (x, t) at any point x and at any time t of a solid bounded

by planes x = 0 and x =
V (x, 0) =

4, whose both ends are kept at temperature zero and

2.3.5 Self Check Exercise

2

t

1. Find finite fourier sine and cosine transform of f(t)= g -t +2—, O<t<m.
T

2. Find finite Fourier sine and cosine transform of f(t) =e*, 0 <t < L

3. Find finite Fourier sine transform of f(t) = 2, 0 < t < n. Apply inversion

theorem to find Fourier series for f(t) =

2, 0 < t < n© and then find
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4 Find soluti f@_V_@QV
. ind solution of —~=-73

SubjecttoV (0,t) =1,V (n,t) =3 and V (x,0) =1 forx € (On), t >0
Also interpret the above problem physically.
ov o’V

S. Using finite Fourier sine transform solve ot
X

Subject to conditions V (0, t) =09 =V (xn, t) and V (x, 0) = 2x, x € (0 n), t>0.

0. Find the temperature V (x, t) in a slab 0 < x < n, with initial
temperature = 1 and its faces are being kept at temperature zero and
A = diffusivity = 1.



